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Abstract—Battery energy storage systems are becoming promi-
nent for enhancing the resilience of power systems, especially
with the increasing penetration of inverter-based resources. This
work addresses the robust optimal battery sizing problem by
formulating it as a differential game optimal control problem,
where minimum control efforts associated with battery capacity
are determined under the worst-case disturbance scenarios.
To improve scalability, we employ control barrier functions
as an alternative to Hamilton-Jacobi-Isaacs equations, enabling
computationally efficient solutions to the control problem. The
proposed approach generates optimal control trajectories that
satisfy dynamic security constraints, providing a robust and
scalable framework for identifying feasible battery power and
energy capacities that enhance both reliability and economic
viability of BESS. Simulation results validate the effectiveness
of the method by estimating the optimal rated capacity of BESS
in a microgrid with random disturbance in power generation.

I. INTRODUCTION

Battery energy storage systems (BESSs), particularly when
integrated with advanced inverter control technologies, are
increasingly recognized as vital components for enhancing
the resilience of power systems. This significance is ampli-
fied by the growing penetration of inverter-based resources
(IBRs), which introduce low inertia and uncertainty into the
system [1], [2]. To fully harness the potential of BESS, optimal
battery sizing that considers dynamic security in uncertain
operating conditions is essential, as it enhances the economic
viability of investments aimed at strengthening grid resilience.

This work addresses the robust optimal battery sizing prob-
lem by integrating dynamic security and the uncertain distur-
bances inherent in the grid, ultimately providing a solution that
enhances both the reliability and economic feasibility of BESS.
Our approach formulates this challenge as a min-max opti-
mization control problem, where the inner maximization seeks
to amplify the impact of disturbances capturing worst-case
scenarios, while the outer minimization focuses on reducing
control efforts associated with the installation and operational
costs of BESS. Consequently, the solution to this problem
yields a minimum battery size that is economically viable
and effectively stabilizes the system under the most severe
disturbance scenarios.

The problem outlined above is closely tied to resource
adequacy planning, where grid resources must be effectively
allocated to consistently meet demands, even in the face of
severe disturbances. The primary challenge in achieving such
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a goal stems from the intricate nature of power system models,
further complicated by the stochasticity of disturbances within
the system. While some studies focus solely on economic
factors without considering grid dynamics [3]]-[5]], many ex-
isting works that address dynamic security constraints still
tend to oversimplify the system model under deterministic
disturbance conditions [6], [7], rendering their findings im-
practical for real-world applications. In contrast, some research
employing meta-heuristic approaches alongside time-domain
simulations facilitates a more flexible integration of detailed
dynamic components [8]-[10]. However, these methods are
often computationally intensive and struggle to effectively
manage stochastic disturbances. Similarly, stochastic optimiza-
tion techniques designed to handle uncertainties are marked by
high computational complexity and frequently require a priori
knowledge of historical probability distributions, which is not
always readily available [11]], [[12].

The primary contribution of this research is the determina-
tion of the minimum control effort, specifically, the battery
rated capacity required to meet dynamic security constraints,
necessary to manage disturbances from the grid, which are
modeled as uncertain variables. Our work presents three
significant advancements to the state-of-the-art in this field:

o We address the robust optimal battery sizing problem us-
ing a differential game optimal control problem (DGOCP)
framework. This method enables us to determine the
rated battery capacity needed to meet transient stability
constraints under worst-case disturbance scenarios.

o We utilize a control barrier function (CBF) approach
[13]] to enhance scalability in addressing the DGOCP,
providing a practical alternative to the Hamilton-Jacobi-
Isaacs (HJI) equations [14], [15]. The HJI equations
involve complex partial differential equations (PDEs)
that encounter difficulties stemming from the curse of
dimensionality in large-scale systems [15]].

o Furthermore, we integrate the Koopman operator model-
ing approach to exploit linearity, enabling explicit opti-
mal solutions to the DGOCP and significantly reducing
computational overhead.

e Our approach produces an optimal control trajectory
for BESS responses under worst-case disturbances while
satisfying dynamic security constraints, enabling us to
estimate the minimum required rated energy capacity.

Consequently, our proposed approach determines the mini-

mum power and energy capacities needed for BESSs to satisfy

stability criteria across all potential disturbance scenarios.
The remainder of the paper is organized as follows. In



Section [II, we introduce the formulation of robust optimal
battery sizing within the context of uncertain power systems,
leveraging the DGOCP framework. This section highlights the
main contribution of the paper, which focuses on safe control
design using the control barrier function method. Section [III
presents simulation results in a microgrid setting, considering
disturbances in power generation. Finally, conclusions and
directions for future work are discussed in Section [Vl

II. OPTIMAL BATTERY SIZING VIA DIFFERENTIAL GAME
OPTIMAL CONTROL

In this section, we present a novel framework for optimal
battery sizing grounded in the differential game optimal con-
trol problem. The central concept involves the integration of
control barrier functions with Koopman operator models. This
approach facilitates computationally efficient optimal solutions
to the DGOCP while simultaneously addressing both cost
minimization and stability assurance.

A. Formulation of Optimal Battery Sizing as Differential
Game Optimal Control Problem

The electromechanical dynamics of power systems are com-
monly modeled using differential-algebraic equations (DAEs),
expressed as follows:

X:f(X7Y7u7d)7 0=g(x,y7u7d)7 (D

where x € R"™ represents dynamic states (e.g., generator
speeds and angles), and y € RP denotes algebraic states (e.g.,
bus voltages and angles). The control input u € R™ corre-
sponds to the battery output power, while d € R? captures
uncertain operating conditions such as variable generation,
load demand, or unexpected faults.

Within this modeling framework, the optimal battery sizing
problem, ensuring dynamic security of the power system, can
be formulated as a DGOCP as follows:

tf
min max / L(x,y,u,d)dt (2a)
u d 0
S't' )'( = f(x7 y7 u7 d)7 0 = g(xﬂ Y? u? d)? (2b)
x,yeS, ueld,deD. (2¢)

Here, L represents the objective function that minimizes bat-
tery capacity. The set S defines security constraints to ensure
stable system operation, while ¢/ and D specify feasible ranges
for battery power and disturbance scenarios, respectively.

The inner maximization problem ina) aims to identify
adversarial disturbances d that most significantly affect system
stability by maximizing the cost function with respect to d,
which in turn increases the necessary battery capacity to main-
tain adequate reserves. As a result, the overall optimization
problem in (2a)-(2c) seeks to determine the minimum rated
power capacity of the battery that robustly ensures stability
under worst-case disturbance scenarios.

The safety set S is defined as:

S:={x",y']" eR™" :h(x,y) >0} 3)

where h(x,y) encodes constraints that ensure safe system
operation. For example, voltage deviations are typically con-
strained to £5% [pu] around unity, while frequency deviations
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are limited to £0.5 Hz. In many cases, the safety set can be
represented using interval or box constraints.
Assume unknown but bounded disturbance d within a set:

D:={d € R?: dipin < d < dinax} “)

where dyi, and dy,.x represent bounds on disturbance vari-
ations. This assumption is practical, as it captures realistic
scenarios in which the distribution or actual dynamics of dis-
turbances are unknown, yet we possess information about their
maximum variations derived from historical data. Similarly,
the feasible battery rated power limits are defined as:

U={ueR":—u, <u<u} (5)

where u, specifies the maximum rated power of the BESS.

Solving the DGOCP in (@) typically involves computation-
ally intensive numerical procedures. In the next section, we
present a scalable approach based on control barrier functions
to efficiently address this optimization problem.

B. Solutions to DGOCP via Control Barrier Functions

The DGOCP described in the previous section is challeng-
ing to solve directly due to the complexity of the HJI equations
that arise in differential game formulations [16]. These equa-
tions are nonlinear partial differential equations that require
spatial discretization and numerical solution techniques, often
leading to significant computational overhead - a phenomenon
referred to as the curse of dimensionality [15]. To improve
scalability, we employ control barrier functions.

Assuming an explicit algebraic relationship y = ¢(x, u, d),
a CBF V satisfies the following properties: V(0) =0, V' > 0,

nf [V(x)] > —a(V(x)) (6)

where «f-) is a continuous, strictly increasing function with
a(0) =0 (e.g., a(s) =~s, v > 0), and V is expressed as:

V(x) = VV(x) f(x,6(x,u,d),u,d). (7)

The function V' is designed to approximate h in a simplified
form, such as an ellipsoid. The conditions above ensure
the forward invariance of the safety set S under worst-case
disturbances d [13]]. In other words, for any control input
u € U satisfying these conditions, the state x € S remains
within the safety set for all disturbances d € D at all times.

Given the constraint in (@), the original DGOCP in (2) can
be reformulated as follows:

in L d) st.
min L(x,y,u,d) s

nflV(x)| 2 —a(V(x). @8
This reformulation simplifies the solution process by reducing
the problem to a constrained minimization at each time step,
rather than synthesizing a closed-form feedback control law
for all times ¢. The minimum battery power and energy
capacities, denoted by P ,;,, and E,;,,, can then be determined

using the maximum control solution across all time steps:

ty
Puin = max (u*(t)), Emin :/ u*(t)dt 9)
tel0,ty] t=0

where u*(¢) is the optimal solution of (8] at time ¢.



In the next section, we introduce the Koopman operator
approach, which transforms the DAE model into an equivalent
linear representation. This transformation facilitates explicit
derivation of CBF constraints and efficient computation of
solutions to the reformulated optimization problem.

C. Explicit Solutions to DGOCP via Koopman Operators

In this section, we derive optimal solutions to DGOCP
by leveraging the Koopman operator modeling approach. The
Koopman operator is a mathematical framework that enables
a linear representation of nonlinear dynamics, making it
particularly advantageous for control and optimization tasks.
Data-driven methods, such as the extended dynamic mode
decomposition (EDMD), can be employed to estimate the
Koopman operator from time-series data, further enhancing
its applicability in practical engineering problems. For a de-
tailed exposition on Koopman operator theory and the EDMD
algorithm, refer to [[17]-[19].

Without loss of generality, the nonlinear DAE model in (T)
can be represented in a lifted coordinate space using the
Koopman operator as follows:

O(x) =As &(x) + B, u+Byd, (10a)

y=C®(x)+Du. (10b)

In this formulation, disturbances primarily influence the lifted-
state dynamics and therefore do not explicitly appear in the
algebraic output equation.

where ®(x) = [¢1(x),...,¢n(x)]" represents a set of
basis functions, such as polynomials or radial basis functions
(RBFs) [19]]. The matrices Ag, B,,, and B, define the linear
dynamics in the lifted function space for the control input u
and disturbance d, while C and D map the lifted state ®(x)
and inputs u and d to the output y. This linear representa-
tion provides a computationally efficient reformulation of the
original nonlinear DAE model.

To estimate the Koopman model, we approach the problem
by solving a series of least-squares optimization tasks utilizing
discrete time-series data denoted as {Xy,yx, ur,di}r_;. In
this context, 7" represents the terminal time of the discrete time
interval, characterized by a time step of At, i.e., ty = TAt.
The optimization problems can be formulated as follows:

min Yoy 1®(xk) — GOLPHAIG]2, A > 0

. T
—Co — Duy,|?
2§S'§:k:1|Yk Co(x;) — Duy,

(1)
12)

where G = [Ag,B,,By], Or = [®(xx)",ul,d]]T. A
serves as a regularization, effectively penalizing the linear
system matrices to enhance robustness to noisy measurement.

Assume the safety set S is defined on the algebraic variables
y and described by axis-parallel box constraints: y™" < y; <
yi"® for ¢+ = 1,...,p. To approximate S, we introduce a
control barrier function (CBF) as an ellipsoidal approximation:

V(y) =y Quy + Qi y + g3, (13)

)’ Q2 = —2Quye, q3 =
Ve Quye — 1. yo = (y™" + yMmaX) /2 represents the center of

1 1 1
22 29 0y 2
LS Tn

where Q; = diag(
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max

the box, and y, = (y&* — yin)/2 defines the radius. The
above ellipsoid is the largest contained within the box S.

Substituting the linear algebraic model (I0D) into (T3), the
CBF is expressed as:

V=-(2"P1®+p ®+s(x) utu Puutg) (14

where S(X) = QP:;F(I’, P1 = CTQ1C, P3 = CTQlD,
P, = D'Q:D, p = C'TQq, and g3 is constant; C and
D denote the lifted-state and input coefficient matrices, re-
spectively. To obtain a control-independent barrier function,
we bound the linear and quadratic input terms in V' over the
admissible set /. Using maxyey s(x) Tu = |s(x)| T u™* and
maxyey u! Pou < (u™2) TPy u™®*, the resulting input-
independent barrier function is

V(x)=—(®"P1®+p @+ [s(x)| um
4 (umax)T|P2| umax 4 CB),

where |-| denotes elementwise absolute value and u
collects the componentwise bounds on wu. This satisfies
V(x,u) > V(x) for all u € U.

Since the Koopman model in (I0) is affine in d, the distur-
bance appears in the CBF condition only through the linear
term VV ' Byd. Maximizing this term over the admissible
disturbance set D yields

15)

max

Aoy =d © sgn(B}vf/) , (16)
where d collects the componentwise disturbance bounds and
© denotes elementwise multiplication.

Applying the CBF condition in (6) to the Koopman
model (T0), together with V in (T3) and the worst-case
disturbance (T6), leads to the following linear inequality in u:

—~VV'B,u < VV(As® + Bydpax) +7V.  (17)

The control input is then obtained at each time step by solving

1
min — u' Hu (18a)
ueld

st. —VVIB,u<VV T (Ae® + Bydmax) + 7V, (18b)

where H > 0 weights the control effort. The problem
in (T5) can be computationally intensive to solve directly. To
mitigate this complexity, we evaluate V for various values
of u € (0,u,] and iteratively solve the QP in (I8) for the
corresponding V. The optimal solution u;, from the i-th
iteration at time step k is used to estimate the minimum battery
power and energy, Umin,; and By, ;, required to maintain the
safety set:

T
Upin,; = mMax (U ), Emin,i = max (Z uf,kAt> (19)
t=0
for k =1,...,T. This process is repeated M times to evaluate
V for different u. The final battery size is selected as the
maximum control effort observed across all M simulations:
P = i:l,...,M(umin’i)’ Enin := i:IR?.),(M(Emin’i). (20)

This simulation-driven CBF-QP framework provides a con-
servative and efficient method for estimating the minimum



Fig. 1: Test power system in this numerical demonstration.

battery rating needed to keep system states within the safety
set under worst-case disturbances. A key benefit of address-
ing is its deterministic evaluation of the robust optimal
battery sizing problem in (2)), which simplifies the complexity
of the HJI equations as the dimensions of I/ and D increase.

IIT. SIMULATION RESULTS

In this section, we demonstrate the proposed method for es-
timating the optimal battery capacity to enhance grid stability
for the test case illustrated in Fig. [I]

A. Power System Models

The dynamics of the test case are described as below.
1) Synchronous Generator at bus 1':

0 = wi — wy, (21a)
EV,
Mo, = P, — )1(,1 sin(dy — 01) — Dy(w1 —ws), (21b)
1
. X X, - X!
TE, = Ef — LB+ 2LV cos(0, — 61), (2lo)
Xl Xl

where M; and D; are the inertia and damping constants; P;
and F; represent the generator power and voltage; T} is the
excitor time constant; X; and X denote the flux and transient
reactances; V7 and 6; are the voltage magnitude and angle at
the generator bus; and w; is the system frequency.

2) Doubly Fed Induction Generator (DFIG) at bus 2':

: 1 B _
02 = TOF [ T9(ws — wa) By — XoVa sin(dy — 62)
i (22a)
+ T9w.Vy cos(dy — 05)} ,
. 1 [ws E Vs .
=P e sin(d2 — 22
2 My |:Cd2 ? X} sin(y 92)}7 (22b)
. 1 X X, — X},
’ ’ 2 (22¢)

+ w VY sin(8y — 95)] :

where T9 is the generator time constant; X, and X are

the flux and transient reactances; Fo and P, represent the

generator field voltage and power; and V5 and 67 are the rotor

voltage magnitude and angle, assuming constant in this study.
3) Power flow equations:

Pi = -GiV?+ Y ViV;(Gijcosbij + Bijsinby;), (23a)
JEN;
QZL = BiiV;Q + Z V;V}(G” sin 92‘]‘ — Bij COS Gij), (23b)
JEN;
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Fig. 2: The Koopman model accuracy is validated by compar-
ing trajectories with those from the original DAE model.

where G;; and B;; are the line admittance and susceptance
between bus i and j; A; is the set of buses electrically
connected to bus ¢; 0;; = 0; — 6; denotes the angle difference
between buses i and j; and P and QF are active and reactive
power of the load at bus i (PX' =0, QF =0, Vi ¢ {3}).

4) Control Inputs and Disturbances: Output power of the
BESS at bus 2 is modeled as an active power injection to
the bus. Thus, the active power balance at bus 2 includes the
control input u = PBFSS, expressed as:

0= G22V22 — ‘/2‘/2/((;22/ cos Ba9, + Baos sin 922/)
— V2V4(G24 cos 04 + Bsy sin 924) —+u

For disturbance scenario, we consider uncertainty in the
active power of the generator at bus 2, denoted as d = P». The
uncertainty is modeled as unknown-but-bounded, with 30 [%]
variations around the nominal value P, = 0.07 [pul, i.e.,

(24)

(25)

B. Estimation of Koopman Operator Model

In this work, we construct linear system models equivalent
to the original power system dynamics, following the proposed
method in Section [[I-C] We collect approximately 50,000
time-series data points from repeated simulations of the dy-
namical model in ZT)-(24) with x = [§1, wy, Ey, da, wa, Eo] T,
and y = [Vi, 01, Vo, 0o, V3,03, V4,047, performed with At =
0.01[s], starting from random initial conditions for u €
[-0.1,0.1] [pu] and d € [0.05,0.09] [pu]. We then use this
dataset to construct a linear model in (I0), utilizing second-
order polynomial basis functions in transformed coordinates.
The model’s fidelity is evaluated by comparing the simulated
trajectories from the original DAE model with those from the
Koopman operator model, as depicted in Fig. [2]

C. Solutions to Optimal Battery Size via DGOCP Framework
We employ the DGOCP framework outlined in Section [I]
by imposing safety limits on the bus voltage magnitudes,

S={V;,i=1,...,5:095<V,; <105 [pu}. (26)
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Fig. 3: Voltage trajectories under a random disturbance using
QP-CBF control: Koopman model and nonlinear DAE model.

To ensure these safety limits, we construct an ellipsoidal
CBF within & with conservative control direction, as detailed
in (I3), leading us to formulate the QP problem in (I8). At
each time k, we solve the QP problem in over a finite
time interval of ¢ = 5s] to obtain the optimal control u;, (t)
using the estimated Koopman model, taking into account the
time steps in real-time operations. Without loss of generality,
the method is applicable for longer control time horizon for
ty as required by a specific application. We perform N = 100
iterations to evaluate the CBF V with u € [0,0.1]. From the
QP solutions, we estimate the minimum rated battery power
and energy based on (19)-(20), yielding Py, = 50 [MW]
and Ep;, = 150 [MWh], while ensuring compliance with
the safe operating limits on bus voltages. We verify that bus
voltage magnitudes remain within the safe set across multiple
simulations with varying disturbances, as shown in Fig.

IV. CONCLUSIONS

We proposed a comprehensive method to evaluate rated
capacity of BESS for effectively managing grid disturbances.
By employing the CBF method, we successfully identify
the worst-case disturbances and the corresponding optimal
battery responses, which allows us to accurately determine
the necessary battery capacity to ensure voltage safety across
the grid. The integration of a linear control strategy with
the Koopman operator significantly enhances the performance
of our method, enabling more precise control over battery
operations for grid stability acknowledging worst-case distur-
bances. Looking ahead, we plan to extend this framework to
incorporate inverter and battery dynamics, which will further
improve its applicability and robustness in large-scale power
systems. This advancement will not only contribute to the
reliability of grid operations but also support the transition
towards inverter-dominant power systems.
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