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Abstract— Extensive integration of power electronics-based
systems has transformed modern power networks significantly,
yet their inherent variability and intermittency pose significant
challenges to grid stability and reliability. Energy Storage Systems
(ESS) offer a promising solution by rapid sharing capabilities that
enhance voltage regulation, system stability, and overall reliability.
To fully use the benefits of ESS, strategic decisions regarding their
optimal placement and sizing are essential. While prior research
has addressed aspects of this problem, integrated frameworks
that simultaneously minimize voltage deviation, reduce power
flow deviation from substations, and account for installation and
operational energy costs remain limited. In addition, solving the
combined siting and sizing problem is computationally challenging
because binary siting decisions yield a mixed-integer optimization
model; such combinatorial formulations are NP-hard in general
and become increasingly computationally expensive to solve at
scale. Hence, this paper presents a comprehensive two-stage
methodology for determining the optimal siting and sizing of ESS
where siting problem is separated from the classical optimization
problem to reduce the scalability and computational challenges.
In addition, the paper investigates the comparison of solutions
and their impacts between non-linear, quadratic, and convex
formulations.

Index Terms—Energy Storage System (ESS) Optimal Placement
and Optimal Sizing, Energy Storage Cost, Convex Relaxation, Non-
linear Optimization, Quadratic Programming.

I. INTRODUCTION

The growing integration of power electronics-based systems
(PESs) into distribution networks presents significant opera-
tional challenges, such as, management challenges, voltage
limit violations, increased system losses, and reduced system
resilience [1]. Energy Storage Systems (ESS), with their ability
to regulate power and swift transition over time, may play an im-
portant role in addressing these issues. They help accommodate
fluctuating PES output, reduce the effect of load variations, and
improve voltage stability across the network [1]. However, the
effectiveness of ESS in supporting grid operations and enhanc-
ing PES integration is highly dependent on their placement and
sizing. Strategically allocating ESS can minimize investment
costs [2], ensure optimal performance, and yield system-wide
benefits [3]. A comprehensive approach to ESS sizing and siting
that addresses multiple operational objectives simultaneously is
essential for comprehensive network improvement.

Extensive research has been conducted on determining the
optimal location and sizing of ESS in distribution networks
to address key challenges associated with PESs, such as in-
termittency, voltage deviations, and cost efficiency. ESS has
demonstrated its effectiveness in mitigating these issues and
enhancing overall system performance [4]. Firstly, ESS can
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store excess electricity generated by PESs and release it when
needed, improving supply stability and enabling efficient load
management [5]. Secondly, it helps with time-shifting: energy
produced during the day can be used to meet demand later at
night, which enhances the self-consumption rate of energy and
helps to reduce overall electricity costs [6]. In addition, ESSs
offer additional benefits including operational independence,
rapid response to demand fluctuations, improved long-term
energy management, enhanced reliability of electricity supply,
and uninterrupted power delivery [7].

One of the early studies on optimal sizing and placement of
ESS is presented in [8] where the minimum required capacity
and optimal location is determined by optimizing the exchange
of both active and reactive power between the ESS and its grid-
tied inverter (GTI), taking into account the network topology
and the system’s R/X ratios. However, the approach may
face scalability challenges due to the required inversion of
the equivalent impedance matrix (Zeqkj

). Convex optimization
was applied in [9] to find the optimal size of ESS in an
off-grid microgrid, aiming to minimize total costs including
fuel, installation, operation, and maintenance. ESS sizing op-
timization was presented in [10], focusing on reactive power
support and voltage profile improvement in a 36-bus system
using Genetic Algorithm (GA). In addition, [11] employed
the Grasshopper Optimization (GO) method to optimize ESS
capacity and placement, reducing line loss and voltage profile
improvement.

Several studies have adopted multi-objective optimization
approaches to determine the optimal placement and sizing of
ESS. In [7], a multi-objective framework was proposed for
shared ESS deployment in urban energy communities, aiming to
balance economic, technical, and environmental performance by
minimizing the net present value of installation and maximizing
energy self-efficiency. However, this work did not address
voltage deviation. The study in [12] considered minimizing total
costs and voltage deviations, but did not look into substation
power flow deviation. In [13], a multi-objective model was
developed to minimize bus voltage fluctuation, energy storage
capacity, and substation power deviation with a 24-hours 24-
steps problem, but it did not consider system cost. These
studies employed heuristic algorithms, such as, GA, Peafowl
Optimization Algorithm, and Particle Swarm Optimization to
solve their respective optimization problems. While heuristics
are flexible and widely used, they are typically problem-specific,
computationally expensive, and fail to achieve global optimality
[14]. In contrast, convex and quadratic optimization methods
are generally preferred for their well defined mathematical
structure, superior convergence properties, and scalability across
larger systems.

Based on the preceding discussion, it is evident that existing
research lacks a comprehensive approach to the optimal siz-
ing and placement of ESS that simultaneously considers cost
minimization, reduction of voltage deviation, and substation
power flow minimization. Furthermore, limited studies have
explored the comparative performance of quadratic and convex
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formulations of power flow constraints, bench-marked against
traditional non-linear programming models. This paper aims to
address these gaps through the following key contributions:

• Formulation of a multi-objective optimization model for
the optimal placement and sizing of ESS in distribution
networks considering three primary objectives over a 24-
hour, 24-step simulation: minimizing bus voltage devia-
tions from nominal values, and introducing a two-stage
solution for the design problem: siting first, then sizing
with a novel QCQP formulation.

• A comprehensive comparison of quadratic formulations,
and convex formulations of power flow constraints and
benchmark them with respect to the non-linear formula-
tions in terms of ESS sizing, siting, installation cost, and
objective function value.

The rest of the paper is organized as follows. Section II formally
introduces the ESS placement and sizing problem as a noncon-
vex mixed-integer program (MIP) with non-linear constraints.
Section III then introduces our novel QCQP formulation, and
Section IV presents a convex relaxation. Section V details a
two-step heurisitic for solving ESS placement and sizing, and
then Section VI discusses simulation results and provides a
comprehensive comparison of the three problem formulations.
Finally, we conclude with a few avenues for further research in
Section VII.

II. DESIGN PROBLEM FORMULATION

Consider a power network N = (B,L) where B denotes
the set of buses and L denotes the set of transmission lines.
We assume there is electric demand, also called load, at each
bus. In addition, we assume certain buses can supply power,
either because they act as the network’s substation, or because
they are equipped with an ESS. Without loss of generality,
we label the buses in B by i = 1, . . . ,M , and we label the
network substation i = 1. The aim of the ESS Design Problem
(ESSDP) is to determine the optimal placement and sizing of
a number of ESS units to satisfy the power demanded at each
bus while minimizing voltage fluctuations across the buses, the
active power drawn from the substation, and the total installation
cost of the ESS units.

A. Objective
We formulate this problem as a multi-objective program with

three primary objectives. Let P t
g,i and Qt

g,i denote the real
and reactive power generated at bus i during time period t;
correspondingly, P t

d,i and Qt
d,i denote the real and reactive

power demanded at bus i during time period t. Furthermore,
let Ui denote the complex voltage at bus i, and express it in
polar form as Ui = |Ui|(cos θi + i sin θi). Here i =

√
−1.

We follow power system analysis conventions and normalize
the voltage magnitude against the initial substation voltage and
express all voltage magnitudes in per unit (p.u.). Thus the
nominal value is unity.

The voltage deviation and substation power deviation objec-
tives are given by:

CV (U) =
∑
t∈T

∑
i∈B

(
|U t

i | − 1
)2
, and (1)

CS(P ) =
∑
t∈T

∣∣P t
g,1 − P

∣∣, (2)

with P denoting the average substation power. We model the
installation cost of the ESS at bus i as a quadratic function of the

system’s energy storage capacity Ei. Thus the total installation
cost is given by

CB(E) =
∑
i∈B

(
aiE

2
i + biEi + sici

)
, (3)

with si ∈ {0, 1} denote whether bus i is equipped with an ESS.
The overall objective is to minimize the linear combination:

αCV + βCS + γCB , (4)

for some α, β, γ > 0.
Our multi-objective formulation reflects the complicated real-

world trade-offs that arise in the deployment of ESS units
to commercial networks; the problem constraints tie all the
variables together, thereby creating complex Pareto fronts.

B. Constraints
For any given s ∈ {0, 1}M , the network N models a

physical transmission network, so every feasible solution to
the ESSDP satisfies the constraints of an Optimal Power Flow
(OPF) problem on N with the buses in {i ∈ B | si = 1}
acting as generators. Thus, we begin by recalling an alternative
formulation to the OPF problem in the so-called “rectangular
form [15], [16].” Let Gij and Bij denote the conductance and
susceptance of each line (i, j) ∈ L. Set Gii = gii −

∑
j ̸=i Gij

and Bii = bii −
∑

j ̸=i Bij , with gii and bii denoting the shunt
conductance and shunt susceptance at bus i ∈ B. The constraint
set of the OPF problem at each time period t ∈ T = {1, . . . , T}
is given as follows:

P t
g,i − P t

d,i = Gii|U t
i |2 +

∑
j∈δ(i)

(
GijC

t
ij −BijS

t
ij

)
(5)

Qt
g,i −Qt

d,i = −Bii|U t
i |2 +

∑
j∈δ(i)

(
−BijC

t
ij −GijS

t
ij

)
, (6)

Ct
ij = |U t

i ||U t
j | cos(θi − θj) (i, j) ∈ L, t ∈ T , (7)

St
ij = |U t

i ||U t
j | sin(θi − θj), (i, j) ∈ L, t ∈ T , (8)

Ui ≤ |U t
i | ≤ Ui, i ∈ B, t ∈ T , (9)

si · Pg,i ≤ P t
g,i ≤ si · Pg,i, i > 1, t ∈ T , (10)

si ·Qg,i ≤ Qt
g,i ≤ si ·Qg,i, i > 1, t ∈ T . (11)

Constraints (5) and (6) represent the conservation of active
and reactive power flows at each bus, at each time period. Here
δ(i) denotes the set of buses adjacent to bus i. Constraint (9)
restricts the voltage magnitudes to be close to the initial substa-
tion voltage at all times; both Ui and Ui are close to 1 p.u. for
every bus i. Constraints (10) and (11) limit the real and reactive
power output by each ESS unit according to its physical capacity
at every bus i for which si = 1, and they ensure no power is
generated at a bus that’s not equipped with an ESS, i.e., at buses
for which si = 0. The trigonometric terms in constraints (7)
and (8) present a formidable obstacle in the solution of large-
scale OPF problem instances; the convex relaxation introduced
in this work provides a workable alternative.

The ESSDP imposes several additional constraints. For
starters, the total power generated is required to meet the
demand at each time period. In addition, to ensure practical
feasibility, we require that each ESS unit installed has enough
capacity to cover peak power output over the time horizon. We
consider the case where at most N ESS units can be installed.
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In symbols, this means the ESSDP features the following
additional constraints.∑

i∈B
P t
g,i =

∑
i∈B

P t
d,i, t ∈ T , (12)

Ei = max
t∈T

|P t
g,i|, i ∈ B, (13)∑

i∈B
si ≤ N, (14)

s1 = 0. (15)

All in all, we obtain the non-linear non-convex ESSDP MIP:
minimize (4)

s.t. (5) − (15).
(16)

III. QCQP FORMULATION

For the sake of solver performance comparison, and as a
stepping stone towards a convex relaxation, we follow [16] to
define a QCQP formulation of the ESSDP that produces the
optimal power outputs for Problem (16) on a radial network.
The QCQP results from the change of variables defined by
Ct

ii = |U t
i |2 together with (7) and (8). Under this change of

variables, constraint (9) becomes

Ui
2 ≤ Ct

ii ≤ Ui
2
, i ∈ B, t ∈ T . (17)

Notice the new variables satisfy symmetry relations and a
Pythagorean identity:

Ct
ij = Ct

ji, St
ij = −St

ji, (i, j) ∈ L, t ∈ T (18)(
Ct

ij

)2
+
(
St
ij

)2
= Ct

ii · Ct
jj (i, j) ∈ L, t ∈ T . (19)

And so the feasible set is now described by the linear
and quadratic constraints (5) and (6), together with (11)–(15)
and (17)–(19). Note that constraint (13) is readily enforced
by the linear constraints Ei ≥ P t

g,i and Ei ≥ −P t
g,i, for

i ∈ B, t ∈ T .
To obtain a bona fide QCQP, we must produce a quadratic

objective. Under the change of variables, the voltage deviation
term (1) becomes ∑

t∈T

∑
i∈B

(√
Ct

ii − 1
)2
. (20)

which is clearly not quadratic in the problem variables.
Our main insight here is that the voltage magnitudes are

restricted to a small interval around 1 p.u., so we can leverage
a Taylor expansion to recover a quadratic objective without
sacrificing much accuracy. Concretely, the second-order Tay-
lor polynomial approximating f(x) = (

√
x − 1)2 around

x = 1 is q(x) = 1
4 (x − 1)2, and Taylor’s theorem guar-

antees that the residual in [1 − ϵ−, 1 + ϵ+] is bounded by
3

4!(1−ϵ−)
5
2
max{ϵ−, ϵ+}3. In the real-world power systems con-

sidered in this work, voltage magnitudes are restricted within
5% of the reference value, so ϵ− = ϵ+ = 0.05, and the
maximum residual is less than 1.74× 10−4.

Thus we define the voltage deviation term in the new vari-
ables as

CV,QCQP =
1

4

∑
t∈T

∑
i∈B

(
Ct

ii − 1
)2
. (21)

Together with (2) and (3), we obtain a multi-objective QCQP
formulation in the real variables C, S,E, Pg, Pd, and the binary
vector s:

minimize αCV,QCQP + βCP + γCB (22)
s.t. (5), (6), (11) − (15), (17) − (19).

Fig. 1. The second-order Taylor approximation q(x) of f(x) = (
√
x− 1)2

around x = 1 in a typical interval limiting voltage magnitude deviations of
0.05 p.u. The maximum absolute error is 1.27× 10−4 and the
root-mean-square error is 4.73× 10−5.

IV. CONVEX RELAXATION

While (22) is convex in the new problem variables and the
feasible set of our QCQP is described by linear and quadratic
constraints, the problem is not convex because the quadratic
equalities (19) describe nonconvex sets.

To obtain a convex relaxation, we take a cue from [16]: we
relax (19) as(

Ct
ij

)2
+

(
St
ij

)2 ≤ Ct
ii · Ct

jj (i, j) ∈ L, t ∈ T . (23)

Then (23) can be rewritten as(
Ct

ij

)2
+

(
St
ij

)2
+

(
Ct

ii − Ct
jj

2

)2

≤
(
Ct

ii + Ct
jj

2

)2

,

which is nothing more than a rotated cone in R4. Note this
SOCP constraint defines the convex hull of (19).

Thus relaxing (19) as (23) in our QCQP formulation yields a
disciplined convex program in the real variables C, S,E, Pg, Pd,
for any given s:

minimize αCV,QCQP + βCP + γCB

s.t. (5), (6), (11) − (15), (17) − (18), (23).
(24)

V. TWO-STAGE SOLUTION OF THE MIXED-INTEGER
PROGRAM

The ESSDP is a MIP because the ESS placement variables
si are binary. We propose a two-stage heuristic. First, the place-
ment of ESS across the network is determined by formulating
the siting problem as follows where the first constraints indicates
that the summation of energy storage capacity should satisfy the
total load:

minimize
∑
i∈B

siCi(Ei)

s.t.
∑
i∈B

siEi ≥
∑
i∈B

Pd,i∑
i∈B

si ≤ N.

(25)

In this stage, the decision is based on the total cost of ESS
installation, and the energy capacity. Importantly, the siting
problem does not explicitly account for voltage deviation or
substation power deviation; rather, it focuses on the economic
aspect of deployment. Here, the total number of binary states per
ESS unit is 2 (present or not present). If the number of buses of
a network is M , there will be M option to site the ESS and the
number of binary states will be 2M . So, the number of binary
states will increase exponentially with number of buses. This
problem is solved through a quadratic programming approach.

Second, with ESS locations (si) in hand, the sizing prob-
lem is solved using the optimization problem formulation in
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Sections II, III, and IV. The sizing stage incorporates voltage
deviation minimization, substation power deviation reduction,
and the total cost of ESS in determined bus positions into the
objective function. For each candidate location, the optimal real
power requirement is determined for every time interval, and
the optimal storage capacity of each ESS results from the peak
power requirements.

VI. SIMULATIONS AND RESULT ANALYSIS

To validate the proposed methodology, both the siting and
sizing problems were solved using a classical mixed-integer
optimization framework and applied to the two standard test
cases. The test cases are: Test Case I: 12-bus distribution system,
and Test Case II: 32-bus distribution system.

Fig. 2. Sensitivity analysis of Test Case I for different values of α, and β for
non-linear formulation (for scaling simplicity, α, and β is normalized by 100,
and 10, respectively.

For, both cases, the average bus voltage (U ), sub-station
voltage, and the average substation power (P ) were considered
as 1.0 p.u., 1.0 p.u., and 0.5 MW, respectively. The installation
costs were assumed to be identical across all possible loca-
tions, and the cost function Ci is considered as {a, b, c} =
{0.01, 460, 1} for a quadratic function, Ci = ax2+ bx+ c [17].
The 24-hour load profile is taken from the EPRI US load factor
{0.677, 0.6256, 0.6087, 0.5833, 0.58028, 0.6025, 0.657, 0.7477,
0.832, 0.88, 0.94, 0.989, 0.985, 0.98, 0.9898, 0.999, 1, 0.958,
0.936, 0.913, 0.876, 0.876, 0.828, 0.756} [18].

A. Test Case I: 12-Bus Distribution System
The 12-bus distribution system is derived from the IEEE 13-

bus distribution system. For clarity in presentation, the original
bus numbering of the IEEE 13-bus system was renumbered and
bus-680 is removed. A single-phase equivalent representation
of the multi-phase IEEE 13 bus system was considered for
the evaluation of the solution methods proposed in this paper.
The system’s data are taken from [19]. In the modified system,
the switch between bus-671 and bus-692 was assumed to be
closed. All network parameters were converted into the per-unit
(p.u.) system for consistency. The on-load tap changer (OLTC)
transformer located between bus-650 and bus-632 was modeled
with a fixed tap position of 0 throughout the study.

Fig. 3 illustrates the voltage profile of the 12-bus distribution
system under the specified operating conditions for (a) non-
linear constraints, (b) quadratic constraints, and (c) convex
constraints. It can be observed that the bus voltages vary
between 0.95 p.u. - 1.045 p.u. for all the three formulations.
The lowest voltages occur around bus-675 (bus-12 in Fig. 3)
for all the three formulations. In contrast, bus-652, and bus-611

TABLE I
SUB-STATION MAX. REAL POWER, ESS CAPACITY FOR ONE HOUR, CV (U),

AND OBJECTIVE FUNCTION VALUE (UNIT) FOR TEST CASE-I

Description Non-linear Quadratic Convex
Sub-station Ps (kW) 2092 2093 500

ESS Capacity
(kWh)

128 128 823.0
607.4 607.4 1660.3

1117.7 1116.7 607.3
CV (U) 8.73 9.31 0.25

Obj. function 476.7 477.5 461.6

(bus-9, and bus-10 in Fig. 3) exhibit higher voltage magnitudes,
reaching values 1.045 p.u. This over voltage trend is due to the
position of the capacitor bank on bus-611. It is worth mentioned
that the 12 buses are numbered from 0 to 11 in Fig. 3

The optimal ESS position is determined as the bus 634, 652,
and 611 (bus 6, 9, and 10). In comparison, a mixed integer
programming solution is obtained without the separation of
siting problem. In that case, all bus requires an ESS with smaller
values which is not practical. With the proposed relaxation
approaches, the real power from the sub-station, the ESS
capacity for one hour, total voltage deviation, and objective
function value are illustrated in Table I. The Non-linear model
and quadratic model deliver identical substation power (2092
and 2093 kW), while the Convex model results in lower values
(500.0 kW), indicating more efficient grid utilization. Across
three ESS sizing scenarios, the Convex model consistently
provides higher capacities, maximum being at 1660.3 kWh,
followed by Quadratic and Non-linear models. In terms of
objective function values, the Convex formulation incurs the
lowest expense (461.6 units). The time of convergence (ToC) for
the non-linear and quadratic models are 5.77, and 7.13 seconds,
respectively. In addition, the convex model has the lowest total
voltage deviation of 0.25. The sensitivity analysis is performed
for all the models by changing the value of α, β, and γ and the
non-linear model is illustrated in Fig. 2, which shows that most
optimal solution comes when the values of α ≈ 33, β ≈ 3.3,
and γ ≈ 0.33.

B. Test Case II: 32-Bus Distribution System
We tested the methods with 32-bus distribution system, which

is a modified version of IEEE-33 bus distribution system. The
system data are taken from [20]. The voltage rating of the
system is 12.66 kV and comprising of 31 branches. The total
load of the system is 3.715 MW and 2.8 Mvar. Fig. 4 illustrates
the 24-hour voltage profiles across a 32-bus distribution. The
voltage profiles show that the convex model maintains the most
stable and tightly regulated voltage levels across all buses,
consistently staying within the range of 0.985 to 1.01 p.u. In
contrast, the non-linear, and quadratic formulations illustrate
more fluctuations.

The optimal ESS position is determined as the bus 12, 24,
25, and 26. Table II presents a comparative evaluation of Non-
linear, Quadratic, and Convex optimization formulations applied
to Test Case-II. The Non-linear model provides the highest
substation power output at 842.9 kW, while the quadratic model
achieves the lowest at 604.1 kW. In terms of objective function
value, the three models incur expense as 472.5, 594.3, and 492.1
units, respectively. In addition, like in Test Case I, the total
voltage deviation of the convex model is lowest at 2.24. The
ToC for the non-linear and quadratic models are 22.17, and
16.91 seconds, respectively.

VII. CONCLUSION AND FUTURE WORK

In this paper, the formulations of multi-objective two-stage
optimization framework for the siting and sizing of ESS in
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Fig. 3. Voltage profiles over 24 hours for the IEEE 12-bus distribution system obtained by solving the non-linear problem (16) (left), our QCQP
formulation (22) (center), and our convex relaxation (24) (right).

Fig. 4. Voltage profiles over 24 hours for the IEEE 32-bus distribution system obtained by solving the non-linear problem (16) (left), our QCQP
formulation (22) (center), and our convex relaxation (24) (right).

TABLE II
SUB-STATION MAX. REAL POWER, ESS CAPACITY FOR ONE HOUR, CV (U),

AND OBJECTIVE FUNCTION VALUE (UNIT) FOR TEST CASE-II

Description Non-linear Quadratic Convex
Sub-station Ps (kW) 842.9 604.1 640.3

ESS Capacity
(kWh)

604.4 735 999.9
645.1 1000 1000
822.2 1000 110
830.9 1000 1000

CV (U) 2.32 2.41 2.24
Obj. function 472.5 594.3 492.1

distribution networks with non-linear, quadratic and convex for-
mulations addressing key operational goals such as minimizing
voltage deviation, reducing substation average real power flow,
and lowering installation costs for a 24-hours 24-steps simu-
lations are discussed. A comprehensive comparison of these
three formulations for determination of ESS sizing and siting
of two test cases are provided. From the optimization results,
it is evident that formulations with convex relaxations shows
less total voltage deviation for both cases which will be very
effective for large scale non-linear mixed integer optimization
(MIO) problem. Furthermore, the MIO problem formulated in
this work is segregated into two stage binary and classical
optimization problem.

The presented MIO problem formulations coupled with the
comparison study provides a concrete evidence that the opti-
mization problem formulated with convex relaxation can be
a good fit for evaluating feasibility of emerging quantum-
classical hybrid optimization approaches. In the future, these
formulations will form the stepping stone for solving large-
scale mixed integer optimization problems, which are highly
non-linear, and complex on quantum computers.
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