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Abstract—Impedance model-based stability assessment is a
popular approach for interconnection studies and is often com-
plementary to full-scale simulation studies. It can be of great
utility when only frequency response measurements are available.
Given that the stability assessment must be done for various
operating points and network conditions, it is of great importance
to develop tools that give the most information about relevant
stability margins and robustness metrics, especially when there
are few measurements available. The paper applies the structured
singular value analysis methodology for robust stability assess-
ment of converter-based generation interconnection to electric
grids. It is shown that in some important cases the associated
uncertainty models can be refined to provide tight bounds on
robust stability metrics. The proposed approach is demonstrated
for a case of wind-park interconnection to a series-compensated
grid to analyze subsynchronous control interactions. The results
confirm the practical utility of the described methodology.

Index Terms—Grid-connected inverters, impedance models,
power systems stability, robust stability, structured uncertainty

I. INTRODUCTION

Impedance-based stability analysis techniques comprise
a set of methods that rely on measuring equivalent
impedance/admittance characteristics of the interconnected
subsystems. Such methods can be useful when analytical
models are either not available or are too difficult to de-
rive, but direct measurements are relatively easy to obtain.
Examples include manufacturer-specific black-box models of
controllers [1] or full-scale control systems’ replicas [2],
physical devices that can be connected to a programmable
source [3], Electromagnetic Transient (EMT) models of a grid
with a particular Point of Common Coupling (PCC) [4], and
others.

The basis of such methods lies in identifying the Thevenin
and Norton equivalents of the interconnected subsystems at
the PCC, as shown in Fig. 1. For the case of three-phase
systems such models can be established in various domains,
including dq, o5 and phasor representation [5]. Whatever the
modelling approach adopted, stability of the interconnection
is then checked by validating the internal stability of the
associated feedback loop [6]. In the context of frequency
response data the generalized Nyquist stability criterion is
typically used [4], [7], [8].

It can be argued that in its current form the impedance
scanning techniques are of limited utility when a large set
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Fig. 1: Network equivalents’ representation of interconnection.

of operating conditions needs to be assessed, such as in
interconnection studies. The MIMO Nyquist stability criterion,
even when applied correctly, does not provide any reliable
stability margins [9]. Therefore, each operating point must be
validated individually. This process can be time consuming,
offering little advantage over direct simulations.

Thus, there is a need to develop efficient approaches for
robust stability analysis when there are few measurements
available. One tool is small gain theorem, which provides
a sufficient condition for robust stability [10], albeit in a
conservative manner. If model uncertainty has a particular
structure, more refined analysis using structured singular value
(SSV) is possible [11]. Alternative methods involve passivity-
based analysis by checking positive-realness of the impedance
in the frequency range of interest [12]. Combined hybrid
passivity and small gain stability criteria checks are a nice
extension of such approaches [13], [14], but again have a
tendency to produce a conservative estimation.

The contribution of this paper lies in applying the SSV, or p-
analysis for robust stability assessment of the interconnections
using impedance measurements. Practical cases that involve
interconnection studies of IBRs with electrical grids are the
primary focus. The use of different modelling domains is
emphasized to potentially reduce the conservatism of the anal-
ysis. A general procedure of robust stability assessment from
limited number of measurements is formulated. A more refined
analysis is then proposed for particular scenarios where certain
information about the nature of the perturbation is available.
The method is demonstrated on a problem of subsynchronous
control interactions (SSCI) of a wind park connected to the



grid through a series-compensated transmission line.

The paper is organized as follows. Section II introduces
the notation used in the paper. Section III discusses the per-
turbed model approach for uncertainty and the associated SSV
analysis. Section IV summarizes two modelling approaches
for three-phase circuit representation in either stationary or
rotating reference frames. Section V outlines the procedure
for robust stability. Section VI presents the results. Section VII
concludes the paper.

II. NOTATION

This section establishes the notation used in the paper.
MIMO impedance and admittance transfer functions are iden-
tified using symbols Z and Y, respectively, while G is used
for a general system. The term “impedance” is used to refer
to either impedance or admittance, depending on the context.
Unknown stable and norm bounded transfer functions used
to capture model uncertainties are denoted with the symbol
A, and ¢ is an unknown norm bounded scalar that represents
parametric uncertainty. The set of stable rational transfer
matrices is denoted R'H ~,. Upper and lower Linear Fractional
Transformations (LFTs) for a transfer matrix partitioned as

Py P2
P =
[Pm Py

are defined as [15]

Fu(P,Ay) = Pag + P, (I — PllAu)_l Py,
Fi (P, A;) = Pi1 + P\ (1 — P22Al)_1 Py

These are useful to represent closed-loop maps in systems with
feedback interconnections.

The frequency of the rotating reference frame is identified
with wp. Bold symbols are reserved for complex vectors and
complex transfer functions. A frequency shift operator for a
complex vector or a complex transfer function is defined as
Su : u(s) = u(s+ jw). The symbol * is used for a complex-
conjugate of a complex vector or a complex transfer function.

From now on, the argument “s” will be omitted and the
Laplace domain is assumed, unless explicitly stated.

III. IMPEDANCE UNCERTAINTY MODELLING FOR ROBUST
STABILITY ANALYSIS

Robust stability analysis requires introducing variations of
the plant model that represent modelling errors or deviations
from an operating point. A perturbed model approach is
a standard tool for such representation. For instance, the
perturbed model of the grid impedance is a set of upper LFT

Zy ={Fu(Zo,Az): Az € RH, || Az, <1} (1)

The form of Z; depends on the chosen uncertainty model. A
particular grid model is recovered by properly choosing Ay.
If Az = 0 a nominal plant is recovered. Such representation
can ether be derived analytically for known transfer functions,
or established from frequency response measurements.
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The same modelling approach can be adopted to represent
the perturbed model of Y as a lower LFT. The overall repre-
sentation of the interconnection for such modelling approach
is shown in Fig. 2. The interconnection of Fig. 2 is a cascade

pz L J qz
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]

Fig. 2: Perturbed model representation of interconnection.
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of LFTs, which is itself an LFT F = F, (N,A), where
A = diag{Az,Ay}. The p-analysis theory states that the
closed-loop system will be stable for any pair of perturbations
Ay, Ay if nominal interconnection is stable and the structured
singular value (SSV) pa(M) < 1, where ¢ = Mp and the
SSV is defined as

pa(M) = .

min{o(A): A € A, det(I — MA) = 0}

The set A is the set of all perturbations of a given structure.
Simply put, the SSV analysis relieves the conservatism of
the small gain theorem by exploiting the perturbation struc-
ture [11]. In practice, lower and upper bounds of the SSV are
calculated

pA (M) < pa(M) < ia(M).

For the model of Fig. 2, A is block-diagonal. However, to
improve the robust stability analysis, further structure in Ay
and Ay should be sought out and leveraged. The structure
can be the result of the choice of the domain that is used
to represent the impedance of the systems. The next section
elaborates on two different ways to model the impedance
considered in this paper.

IV. IMPEDANCE MODELLING IN DIFFERENT DOMAINS

A 3-phase LTI circuit in dg-domain can be described in

yq qu qu U/q ’

Introducing the notation of the complex transfer functions
(CTFs) [16]

Gaq + Gyq +deq + G
2 2

Gad — qu -qu — qu
5 +J 5 )

(2) can be compactly represented as

vy = Gl + G (u™)". 3)

dg __
G+7

GY =



Translating to the stationary a(-frame gives
Swy (v77) = G (Suy (u™)) + G (S, (u))",
which after applying S_,,, is equivalent to

Y™ =S ()0 5 0 (G2) (S, (7))
“4)
Thus, the asymmetry in dg domain creates cross-coupling
between frequencies w and 2wy — w in the stationary reference
frame.

A pair of frequencies (w, —w) and (w, 2wy — w) for (3) and
(4) respectively is enough to describe the systems’ response.
This allows for an alternative description of the system. Specif-
ically, taking complex-conjugate of (3) allows the following
representation using a 2 X 2 complex transfer matrix

][y (o] [ o

Gaa

This is a modified sequence representation [7]. Similarly,
applying S_»,,, to (4) and taking its complex-conjugate results
in the following form in a/3-domain

[ R ] P NG

GoB
which is the expression of the unified impedance modelling
framework proposed in [17].

Equations (2) and (6) are equivalent representations of a
three-phase circuit in dg and «f domains, respectively, and
would produce identical stability assessment results when
using the generalized Nyquist stability criterion [17]. Indeed,
(6) is obtained from (2) by a linear transformation and a
frequency shift. However, for the purpose of SSV analysis
presented in the next section, the choice of the modelling
domain can have an impact due to the structure of the resulting
impedance matrix. For example, G*? is diagonal for balanced
grids. In general, having a more structured model can reduce
the conservatism of the general procedure formulated in the
following section.

V. ROBUST STABILITY ASSESSMENT WITH UNCERTAINTY
STRUCTURE

A. The general procedure

When no information about the model uncertainty is given
besides a few frequency response measurements, the most
general procedure of robust stability assessment aims at con-
structing a smallest possible set that contains all the measured
responses. It proceeds as follows.

1) Obtain Ng frequency response measurements of the sub-
systems’ impedance models, resulting in a set of MIMO
frequency responses Hy, = {G1(jwy), ..., Gng (jwi)} for
each frequency wy,. SISO frequency response of each input-
output pair is in the set H;”. At this stage, some idea
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about system characteristics can help determining the best
modelling approach.

2) Construct the perturbed models for each subsystem by
choosing a nominal plant and identifying a proper uncer-
tainty model. Concerning nominal plant choice, a sensible
approach is to find an average model as follows

Ng G .
. > =1 Ge(jwr)
Gnom(]wk’) = Zl—
N
Then the worst case deviation is a point-wise maximum
for each input-output pair at a given frequency

Ge(jwr) = argmax |G (jwr) — Gi (Jwr)]-
GhieH,’

Having obtained both nominal and worst case deviation
models, LFT description needs to be established by fitting
one of the common form uncertainty models shown in
Fig. 3. This is done by evaluating the weight blocks on
a frequency-by-frequency basis from previously calculated
GiI and G%J using the relations indicated in Fig. 3.
The weight with the smallest H,, norm determines the
uncertainty model structure. To complete the SISO per-
turbed model, a A%/ block satisfying conditions in (1)
is added in series with the calculated weight. Subsequent
LFT representation for the entire MIMO system is done
by “pulling out” the A%’ blocks and arranging them in a
diagonal structure [18, Chapter 8]. Each A%7 is assumed
to be different.

3) Evaluate nominal stability of the interconnection with the
nominal models from the previous step using the general-
ized Nyquist stability criterion.

4) Calculate the SSV upper and lower bounds for a given
uncertainty structure to evaluate robust stability for the
constructed perturbed model. If the upper SSV bound is
below 1, the robust stability is guaranteed.

(b) Multiplicative:
Gnom W = Gwc —1

m =
Gnom

Wa = Gwc -

(c) Inverse Additive: (d) Inverse Multiplicative:
1 1 Gnom

Grom  Guwe Gue

Fig. 3: SISO uncertainty models and weights calculations.
Calculations are performed on a frequency-by-frequency basis

Wia - Wiln =1-



The procedure outlined in this section tends to produce con-
servative estimates of minimum destabilizing perturbations.
By design, the resulting perturbed model contains all the
measured responses. However, it also contains the instances of
the impedance-based models that are not part of Hy. Some of
these models may not be physically realizable. Next subsection
proposes how to refine the robust stability assessment for some
special cases important in practice.

B. Particular cases

Often robust stability in the face of change in a single
parameter is of critical importance. In such cases, the uncer-
tainty structure and the associated perturbed model can be
further refined to obtain a tight upper bound on the minimum
destabilizing perturbation. The key is to recognize that an
additive model of parametric uncertainty of a single parameter
ps = po (1 + §) induces a particular structure of the perturbed
model that combines multiplicative and inverse multiplicative
uncertainty [19]

i i L+ Whis
G’ :Gg’Jii’j .
1+ Wis

If § is known for different tests, the unknown weights can be
calculated on a frequency-by-frequency basis from measure-
ments to fit this particular disturbance model. For instance,
with three measurements available, one of them can be taken
as a nominal plant, and the weights can be recovered for each
input-output pair from the remaining measurements as follows

Qg [ iy -1
=Gy’ (jwr) 01 Gy (jwr) 61

" : Gy? (jwr) — Gf (jwr)
=Gy? (jwr) o2 G5 (jwi) 02

Go? (jwn) — Gy3 (Gwn) |

[Wé;]: (jwk)]
Wil (jwr)

The advantage is that Az now has the form of a repeated real
perturbation §7. Evaluating pua in this case is straightforward,
since

det(I — MAgz) = (1—6A (M) (1= A (M)). (7

Thus, minimum destabilizing perturbation can be estimated
from the eigenvalue loci plots.

VI. NUMERICAL EXAMPLE AND RESULTS

The numerical example of this section aims to demonstrate
the application of the robust stability analysis methodology
for the case of SSCI between Type-III wind turbines and
a series-compensated network. The benchmark system used
for the study consists of an aggregated wind park with 66
wind turbines with nominal power of 1.7 MW each. The
wind park is connected to a grid through a series-compensated
transmission line. The details of the study case are found in
[4], [20].

The grid impedance at PCC is measured for 4 levels
of series compensation: 4%, 6%, 8% and 10%. The WPP
admittance for the nominal power is measured as well. The
frequency response is obtained for both dgq domain and the
the 8 domain using the CTF modelling approach of (6). Fol-
lowing these measurements, the general procedure of Section
V-A is applied. The stability of the nominal interconnection
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is assessed first using the eigenvalue loci plots for both
impedance representations. Results of Fig. 4 show that the
eigenvalue loci do not encircle the “—1” point. This confirms
nominal stability for both models, according to the generalized
Nyquist stability criterion. Note that both grid and wind park
models are asymptotically stable.

—A
—

Imaginary Axis
+

-0.1 -0.1

"2 a5 a1 05 0
Real Axis

'
S}

-1.5 -1 -0.5 0
Real Axis

(a) af domain (b) dq domain

Fig. 4: Eigenvalue loci plots for nominal plants modeled in
different domains.

Next, the perturbed model plant is constructed, and as-
sociated calculation of the SSV is performed for different
combinations of operating conditions, which in this case differ
by the series compensation level. The SSV upper bound is
calculated using the mussv function in Matlab. The results
are shown in Fig. 5.
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Fig. 5: SSV upper bounds for uncertain system.

Ignoring the evaluation of the SSV upper bound at DC
(which corresponds to 60 Hz for the dg domain model
and 0 Hz for the af domain model) and focusing on the
subsynchronous range, it can be seen that both results are in
accordance with each other. The calculated SSV upper bound
peaks at around 6 Hz (54 Hz for the dg domain model). In
the case of a3 domain model the upper bound is very close
to but slightly above 1, suggesting that robust stability is not
guarantied for the constructed perturbed model. Conversely,
the analysis applied to the perturbed model in dg domain
suggests robust stability for the compensation level up to
6%. Thus, despite having more structure in the a8 domain,



the resulting SSV calculation reveals that in this case the dg
domain provides slightly less conservative assessment.

Since in this study the exact perturbations are known as
they correspond to varying the compensation levels, a more
refined analysis of Section V-B can be applied. For instance,
if 4% compensation is assumed as a nominal plant, then 6%
and 8% correspond to § of 0.5 and 1 respectively. These three
measurements are enough to calculate the weights for each
input-output pair transfer function. Then, according to (7) the
critical eigenvalue can be calculated to estimate the minimum
destabilizing perturbation. The results of this calculation for
SSCI case study for the model in dg domain are shown in
Fig. 6.
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Fig. 6: Critical eigenvalue plot for SSCI case, dg domain

As can be seen, at zero crossing of the phase at the
frequency of 53.5 Hz the eigenvalue magnitude is at 0.78,

suggesting the minimum destabilizing perturbation of —— =
. . . 0.7?
1.28. This corresponds to the critical compensation level of

4-(1 4 1.28) = 9.13%. This agrees well with the results of [4]
where for this study it was found that the critical compensation
level is between 9% and 10%. Note that operating point
corresponding to unstable conditions was not even used in
the analysis, yet the prediction of the critical compensation
level is very precise.

VII. CONCLUSIONS

A lack of systematic robust stability assessment techniques
is a downside of impedance-based stability assessment meth-
ods. This paper demonstrates that the SSV analysis is a useful
tool that can provide meaningful robustness metrics. When no
information about the perturbation source is given, a general
procedure is formulated, typically producing conservative re-
sults. In this case the only means of reducing the conservatism
might be the choice of the domain in which the impedance is
modelled. However, the results of the study case confirm that
there is no obvious choice between dq and o8 domains, even
for symmetric grid models.

When the source of the uncertainty is a single parameter
variation that is known, SSV analysis can be reduced to
analyzing the eigenvalue loci, therefore providing accurate
evaluation of the stability margins. This is useful in practice
for interconnection studies for which a particular phenomenon
is of concern, such as SSCI interactions between Type-III wind
turbines and series-compensated grids.
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