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Abstract—This paper presents a novel method for transient
stability analysis (TSA) that circumvents the limitations of
sequential numerical integration and energy functions. The
proposed method begins by constructing a trajectory-dependent
stability indicator function to distinguish the system’s destiny. To
overcome the difficulty in analyzing the asymptotic behavior at
infinite time, a strategic time contraction mapping is then applied.
This allows TSA to be recast as a pole-placement detection
problem for the indicator function. By leveraging high-order
derivatives at the initial state, a rational function approximation
is derived, yielding a mathematically direct and computationally
efficient prediction. Numerical validations on benchmark systems
demonstrate that the method not only provides a direct mathe-
matical shortcut for TSA in power systems but also establishes a
promising new methodology for evaluating the transient stability
of a broad class of nonlinear dynamical systems.

Index Terms—Transient stability, time contraction mapping,
asymptotic behavior detection, Padé approximant

I. INTRODUCTION

Transient stability analysis, which seeks to determine
whether a power system remains stable after a disturbance, is
a fundamental tool for securing system operations [1]. Given
the inherent nonlinearity and high dimensionality of dynamical
responses in power grids, transient stability analysis usually
needs to make a compromise between accuracy and efficiency.
Hence, different methodologies have been developed.

Time-domain simulations are the most commonly used
method in practice. It applies numerical integration techniques
to replicate the complete trajectory of system responses [2].
While favored for its generality and high fidelity, most numer-
ical integration techniques must be carried out in a temporally
sequential manner, i.e., computing the next time snapshot
from the last one. Such a step-by-step nature prevents parallel
processing advantages: the total simulation time is the sum
of execution times for all the steps. This inherent sequential
processing nature is becoming a major bottleneck for fast
stability evaluation of today’s power grids with a burst of
system size and complexity.

Another methodology that has been widely investigated is
the energy-function-based method. It was first introduced to
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power system transient stability analysis in 1947 [3], even
before the introduction of digital computing in power sys-
tems [4]. Instead of reconstructing the post-disturbance state
trajectory, the energy-function-based method determines the
system’s stability by comparing its transient energy at the
initial point to a critical energy threshold. If the initial energy
lies below this threshold, stability is guaranteed. Although
conceptually appealing and mathematically elegant, this ap-
proach suffers from a well-known limitation: finding a valid
energy function for general nonlinear dynamical systems is
extremely challenging. Considerable efforts have been devoted
to deriving such functions for specific classes of power system
models [5], from which certain attempts have further moved
towards a numerical approach instead of analytical derivations
[6]. Moreover, for many practical systems with dissipation, it
has been shown that no suitable energy function exists [7].
On the other hand, the critical energy threshold is usually
determined from the closest or controlling type-1 unstable
equilibrium point (UEP). Finding these UEPs is another chal-
lenging problem, which constitutes a research topic in its own
right [8], [9]. Therefore, significant limitations and challenges
must be overcome before it can become a practical tool [10].

Besides the above model-based methodologies, recent de-
velopments in data science and machine learning have enabled
a new methodological trend of data-driven methods for tran-
sient stability analysis [11]. While offering the promise of high
computational efficiency, these approaches face significant
practical hurdles, including the high cost of data acquisition
and labeling [12], the loss of interpretability [13], the limited
adaptability to new scenarios, and the poor transferability
among different systems [14].

Motivated by the above challenges and limitations, this work
seeks to develop a new methodology for transient stability
analysis that is numerical integration-free, easy to derive, and
physically meaningful.

II. METHODOLOGICAL MOTIVATIONS AND RATIONALE

At the core of our methodology is a fundamental principle
of deterministic dynamical systems: if the vector field f(z,t)
is continuous in ¢ and globally Lipschitz in z, the future
evolution of the system is uniquely determined from the initial
state. This theoretical determinism implies that the initial state



itself contains all the information to ascertain the system’s
ultimate fate. The only question is how to extract the stability-
related information from an initial state.

To answer the above question, time-domain simulations
adopt the “brute-force” approach by reconstructing the entire
state trajectory from the initial state. By reconstructing the full
trajectory, this methodology ensures generality and reliability,
albeit at the cost of computational efficiency. However, if the
sole objective is to assess stability, most of the computational
effort spent on obtaining additional information is wasted,
resulting in a fundamental inefficiency.

On the other hand, the energy-function-based methodology
is driven by the idea of directly determining whether an initial
state lies within the region of attraction of the post-disturbance
equilibrium. This is achieved by evaluating a suitably defined
energy metric whose value on the stability boundary point
serves as the threshold for stability. It requires minimal in-
formation from any specific trajectory, but an explicit energy
function can be constructed only for systems with particular
structures, which is generally not feasible.

The proposed method seeks to leverage ideas from
both time-domain simulations and energy-function-based ap-
proaches. Given that the state trajectory can reveal the ultimate
fate of the system, a trajectory-dependent stability indicator
may be derived to extract the stability information. This
indicator must be general enough to accommodate a broad
class of nonlinear dynamical systems, and sufficiently selective
to make a clear distinction between stability and instability,
as elaborated in Section III-A. Inspired by the benign global
properties of analytic functions at any regular point, we can
derive the Taylor series of the indicator function at the initial
state to avoid the temporally sequential computations required
by numerical integration. However, a limited radius of conver-
gence cannot reveal the asymptotic behavior of the indicator,
and a finite truncation of the Taylor series may misbehave even
before the time approaches infinity. Hence, our conceptual leap
is to compress the infinite time horizon to a finite interval
by a time contraction mapping, as detailed in Section III-B.
Finally, an appropriate detector of the asymptotic behavior
of the indicator function is needed, which is achieved by a
rational function approximation and the associated zeros and
poles in Section III-C.

Thus, the original transient stability problem is recast as
detecting the pole-placement behavior of the indicator function
as it approaches its finite time horizon. This allows us to
use local derivatives of the indicator at the initial state to
predict the indicator’s asymptotic behavior, leading to a direct
mathematical shortcut to the system’s infinite-time destiny.

III. TECHNICAL DETAILS OF THE PROPOSED TRANSIENT
STABILITY METHODOLOGY

A. Transient Stability Indicator

The post-disturbance dynamics of a power system are
described by a set of nonlinear DAEs of the form:

x =f(x,v) n
0=g(x,v)
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where x € R™ is the vector of state variables, v € R™
is the vector of bus voltages, f represents the vector field
of the system’s dynamic components (e.g., generators and
controllers), g is the power flow equations expressed in
rectangular coordinates.

Transient stability assessment fundamentally requires deter-
mining the asymptotic behavior of the state trajectory x(t)
originating from a post-fault initial condition x(0). Specifi-
cally, the system is deemed stable if its state converges to the
desired post-fault stable equilibrium point (SEP), denoted as

*

X",

Stable <= lim x(¢) = x* ()

t——+o0
Conversely, if the trajectory converges to a different equilib-
rium point or diverges entirely, the system is unstable.
To transform this asymptotic convergence problem into
an analytical test, we introduce a scalar function, hereafter
referred to as the indicator function, h(t):

-1 -1

RO - ) - —x) O

where h : R — R. The denominator of h(t) has a clear
physical interpretation, i.e., the squared Euclidean distance
between the system state x(¢) and the target SEP x*, providing
a sharp distinction between stable and unstable outcomes:

h(t)

o Stable: As x(t) — x*, the denominator approaches zero,
which yields h(t) — —oo.
o Unstable:

— If the trajectory converges to a different equilib-
rium point (X(t) — Xomer # X*), the denominator
converges to a finite positive constant, and h(t)
approaches a finite negative value.

— If the trajectory diverges (||x(¢)|| — o0), the denom-
inator blows up, and h(t) — 0~.

In this indicator design, we introduced an artificial pole at the
target SEP, which will be used shortly below as the stability
criterion. No other poles are created on the real axis before
this artificial one, ensuring clear detection.

B. Time Contraction Mapping

While the system’s governing DAEs (1) generally do not
admit a closed-form solution for x(t), a sufficiently smooth
system can be represented locally by a Taylor series expansion
around the initial point x(0). This power series contains the
high-order derivative information we seek. However, its utility
is fundamentally restricted by its radius of convergence. As
a local approximation, it cannot, by itself, determine the
global, asymptotic behavior of the trajectory as t — —+oo.
In practice, even high-order expansions rapidly lose accuracy
due to error accumulation and numerical instability, often
failing to capture dynamics beyond the first few swings. The
conventional strategy of analytic continuation, which involves
sequential re-expansions, is precisely the kind of step-by-step
process we aim to avoid.

Our approach circumvents this locality problem not by
attempting to extend the trajectory in time, but by transforming



the temporal domain itself. To this end, we introduce a smooth,
monotonically increasing, and bounded function, hereafter
termed the time contraction mapping

T =M(t) €y

with the following properties:
1) It maps the initial time to zero: M(0) = 0.
2) It maps the infinite time horizon to a finite upper bound
M: limyg—s 0o M(t) = M.

3) dM(t)/dt > 0.

This mapping effectively contracts the infinite interval ¢ €
[0, +00) into the finite interval 7 € [0, M).

This transformation is the linchpin of our method. It recasts
the intractable problem of analyzing system behavior as ¢t —
400 into the well-posed problem of analyzing behavior as
7 — M™. Consequently, the indicator function from (3) is
reformulated in the new time coordinate 7:

1
N O

C. Asymptotic Behavior Detection

&)

The stability indicator developed in the previous section now
hinges on a single analytical task: detecting whether h(7) has a
pole at the finite point 7 = M. A truncated Taylor series, being
a polynomial, is structurally incapable of representing poles.
To overcome this limitation, we employ a rational function
approximation, which is the natural mathematical structure for
modeling poles. Specifically, we use the Padé approximant.

A Padé approximant of a function h(7), denoted [L/M],
is a rational function of two polynomials, P, (7) and Qs (7)
of degree L and M respectively, whose own Taylor series
expansion matches that of h(7r) up to the highest possible
order, L + M.

[L/M]p(T) = 210 — Do ThTY +pLTL
Qu(T) @+ar+ - +aquT
The coefficients p; and g; are determined (up to a scaling
factor, typically setting go = 1) such that the Maclaurin series
of [L/M]y(7) matches that of ~A(7) up to the highest possible
order, L + M. The critical insight here is that the analytical
problem of finding a pole in A(7) is transformed into the far
more tractable algebraic problem of finding the roots of the

denominator polynomial, Qs (7).

The procedure to construct this approximant and detect the

pole involves two main steps:

1) Compute the Taylor Coefficients of h(7): The coef-
ficients {hy} required for (6) are not computed via
direct symbolic differentiation. Instead, we first re-
parameterize the original DAEs (1) in the new time
coordinate 7 by applying the chain rule:

O = () £ (x(r), v(7))
0 = g(x(7),v(7))
where 0(7) = dt/dr is the derivative of the inverse

time mapping. We then employ the Differential Trans-
formation (DT) method [15], a numerical technique that

(6)

)
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converts these DAEs into a set of algebraic recurrence
relations. This allows for the efficient computation of
the Taylor coefficients of x(7)—and subsequently those
of h(7)—to any desired order.

2) Construct the Approximant and Find the Pole: With the
coefficients {h;} computed, we construct the [L/M]
Padé approximant using (6). We then solve for the roots
of the denominator polynomial Qp;(7). The smallest
positive real root, if one exists, is the estimated location
of the dominant pole of h(7).

The reliability of this approach is strongly supported by
convergence theory. It has been shown that near-diagonal Padé
approximants (where L ~ M) are particularly effective at
capturing the singularity structure of analytic functions [16],
[17]. This provides a solid theoretical foundation for using
this technique. In practice, the Padé approximant not only
models singularities but also offers a more accurate global
representation than a polynomial of the same order, avoiding
the oscillatory artifacts (e.g., Runge’s phenomenon) that often
plague high-order polynomial approximations.

D. Overall Transient Stability Assessment Workflow

Algorithm 1 Transient Stability Assessment Workflow

Input: System model (1), time mapping M t), initial point
(x0, Vo), Padé order [L/M].
Output: Stability status (Stable/Unstable).
Step 1: Initialization
1.1 Solve for the post-fault SEP x* by setting x = 0 in (1).
1.2 Set initial Taylor coefficients: X(0) = xo, V(0) = vy.

Step 2: Taylor Coefficient Calculation
for k=1to L+ M +1 do
Compute the Taylor coefficients X (k), V (k) using the
DT recurrence relations derived from (7).
end for
Compute the Taylor coefficients of the indicator function,
{hy} for k=0,...,L + M, from the sequence of {X(k)}.

Step 3: Asymptotic Behavior Detection
3.1 Construct the [L/M] Padé approximant for h(7) using
the computed coefficients {hy}.
3.2 Find all roots of the denominator polynomial @ /(7).
3.3 Identify the smallest positive real root, Tpole.

Step 4: Transient Stability Assessment
if ‘Tpole — M| <e
The system is Stable.
else
The system is Unstable.
end if

The complete workflow of the proposed transient stability
assessment method is summarized in Algorithm 1. The pro-
cess begins with the system’s DAE model and initial condi-
tions, transforms the stability problem into the contracted time
domain, computes the necessary coefficients for the indicator
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function, and concludes by checking for a pole at the mapped
time horizon using a Padé approximant.

IV. NUMERICAL STUDY

To validate the proposed method, we evaluate its perfor-
mance on three distinct dynamical systems: the Lorenz system,
a single machine infinite bus (SMIB) system, and the WSCC
3-machine 9-bus system. For each system, initial conditions
are selected from both stable and unstable regions to assess
the method’s ability to classify system behavior correctly.

The simulation setup is consistent across all studies. The
time contraction mapping is defined as 7 = 1 — (Kt + 1)73,
which maps ¢ € [0, +00) to 7 € [0, 1), with the rate parameter
set to K = 1 for the Lorenz system and K = 5 for the power
systems. Since the accuracy requirement grows with the Padé
approximant order, the working precision is taken to equal L+
M + 1 digits. The ground-truth benchmark for comparison is
generated using a fourth-order Runge-Kutta (RK4) integrator
with a fine time step of At = 0.1 ms.

The results are presented by reporting the numerically
detected pole location, Tpele, Which serves as the direct stability
indicator. Additionally, to visually assess the approximation
quality, we plot the indicator function h(7) as reconstructed
by the Padé approximant against the benchmark trajectory. In
the subsequent figures, the Padé approximant is denoted in the
legend as PA.

A. Lorenz System

First, we configure the system with stable parameters (o =
1,p=2,8 = 1) and test two initial conditions. As shown in
Fig. 1, a [40/40] Padé approximant is used, and its reconstruc-
tions show excellent agreement with the benchmarks. For the
case converging to the designated SEP (Fig. 1a), the method
correctly identifies stability by detecting a pole at 71 = 0.996
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(0.4% error from the theoretical location at M=1). For the
case converging to another SEP (Fig. 1b), the approximant
correctly settles at a finite value, confirming a non-divergent
but off-target trajectory.

Next, the parameters are set to their classic chaotic values
(0 =10,p = 28,5 = 8/3). As shown in Fig. 2, the indicator
function h(7) for this chaotic trajectory exhibits sustained,
non-periodic oscillations. The Padé approximant accurately
captures the initial cycles of this complex behavior. Con-
strained by its finite order, the approximant cannot replicate the
bounded, non-convergent nature of a chaotic attractor indefi-
nitely. Instead, it correctly interprets the trajectory as unstable
with respect to the designated SEP, with its value tending
towards zero, the expected behavior for a non-convergent case.

B. SMIB System

The SMIB system adopted in this section is shown in Fig. 3.
The system, depicted in Fig. 3, consists of a synchronous
generator connected to an infinite bus via a transmission line.
The generator is represented by a sixth-order model, equipped
with an IEEE Type-1 exciter and a simplified linear speed
governor [18]. To ensure the smoothness of the governing
equations as required by our method, the operational limits
of the controllers are neglected in this study.

The dynamic behavior of the SMIB system under different
initial conditions is illustrated by the phase plane portrait in
Fig. 4. We select initial conditions for three key scenarios:
convergence to the designated SEP, convergence to another
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SEP, and divergence. The results, obtained using a [100,/100]
Padé approximant, are presented in Fig. 5. The method demon-
strates high fidelity, correctly capturing the distinct asymptotic
behavior for all three cases.

C. WSCC 3-machine 9-bus System

The system topology is shown in Fig. 6. The test scenario
involves a three-phase fault applied at Bus 9 through an
impedance of Ry + j Xy = 0.01 + 50.02 p.u.

To investigate the method’s performance near the stability
boundary, we analyze the system’s response to different fault-
clearing times (FCTs). Time domain simulations, shown in
Fig. 7, reveal that the critical clearing time for this fault is
between 0.25s and 0.26s. The system remains stable if the
fault is cleared at 0.25s but loses synchronism if the FCT is
extended to 0.26s.

The [100/100] Padé approximant correctly predicts the
outcome for both the stable (when FCT = 0.25 s) and unstable
(when FCT = 0.26s) scenarios, as shown in Fig. 8. For
the unstable case in particular, a visible deviation from the
benchmark appears at the final stage. This is an expected
artifact of a finite-order model capturing a divergent trajectory,
but the essential instability verdict is correctly identified.

V. DISCUSSIONS

Error tolerance in the asymptotic sense: The finite trunca-
tion of the Taylor series and the associated Padé approximant
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Fig. 8: Approximant performance for 9-bus system
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will eventually lead to a gap between the indicator function
and its approximation. However, this discrepancy is tolerable
even if it grows to infinity, as long as the associated pole exists,
as demonstrated by the simulation results above.

Parallel processing opportunity: Conceptually, all the
higher-order derivatives of the differential equation system can
be evaluated in parallel, since they are all computed at the
same point without any temporal dependence.

Promise in general applications: This approach not only
holds significant promise for power system stability assess-
ment but also can be extended to the stability analysis of a
broad class of nonlinear dynamical systems.
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