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Abstract—Large penetration of DC energy resources, like solar
PV panels and DC power electronic loads, causes the emergence
of merging DC power network and the existing AC network
by voltage source converters (VSCs). These new-generation AC-
DC distribution networks (DNs) are complex in architecture
and hard to model analytically for their management. The past
literature either suggested the second-order cone programming
(SOCP) based relaxation or the first-order Taylor series based
linearization, followed by an iterative algorithm to simplify and
solve the non-convex quadratic constraints associated with the
line power flow and VSC. However, SOCP relaxed methods suffer
from scalability issues, and the Taylor series-based simplification
sometimes derives an infeasible solution. In this regard, this
paper first formulated a non-convex AC-DC radial DNs (RDNs)
loss minimization framework, followed by proposing an iterative
linear programming algorithm where the infeasibility caused by
the Taylor series approximation is rectified by incorporating the
linear Tangential cutting plane inequality constraints into the
optimization portfolio and adding the penalty variable minimiza-
tion with the objective function. The superiority of the proposed
strategy over existing methods are established by simulating on
the 33 and 132-bus AC-DC RDN test systems.

Index Terms—AC-DC radial distribution network (RDN), iter-
ative linear programming (ILP), tangential cutting plane (TCP),
Taylor series expansion, voltage source converter (VSC)

I. INTRODUCTION

The recent focus on renewable energy resources, especially
solar photovoltaic (PV) panels, and the recent development
in various DC power electronics loads like electric vehicles,
LED lights, DC computers, etc, have led to the integration of
DC networks with the existing AC electrical RDNs to avoid
the utilization of a large number of AC-DC converters, and
that inherently reduce power conversion losses. This merger
of the AC and the DC networks using VSCs results the new
age distribution network architecture, named as AC-DC RDN.

In recent years, several research works have been conducted
to explore the viability of AC-DC RDN by developing an
optimal planning framework [1], the optimal configuration
of the network topology [2], and power flow algorithms
[3]. The optimal power flow (OPF) portfolios are generally
framed as non-convex programming (NCP) and traditionally
often suggested to solve using heuristic search techniques like
the Genetic algorithm (GA) [4], Evolutionary algorithm [5],
NSGA-II [6], etc. To avoid the complexity associated with
the solution process for NCP frameworks, a few studies, [7]-
[10], adopted second-order cone (SOC) relaxation for solving
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the NCP OPF, energy management, optimal coordination of
the VSCs, and resilience enhancement problems, respectively.
Reference [11] co-optimized the operation of VSCs and the
charging of electric buses in an AC-DC RDN by solving a
mixed-integer SOCP (MISOCP) framework. Previously, the
authors also adopted SOCP for formulating a distributed loss
minimization algorithm in [12]. Tong et al. [13] developed an
over-voltage averse OPF problem as quadratic-convex model.
Another MISOCP-based method is proposed in [14] to op-
timize the operation of the VAR compensation devices and
inverters. To further simplify the solution process, [15]-[17]
adopted auxiliary variables, piecewise linearization, polyhedral
linearization, etc., to convert the NCP problem to a simple LP.
However, the existing studies suffer from following flaws:

1) The heuristic techniques [4]-[6] are able to deal with the
original NCP frameworks. However, they fails to ensure
the stability and convergence of the derived solution.

2) The SOCP adopted methods, [7]-[14], guarantee conver-
gence but require longer solution time for large systems.

3) The LP based models [15]-[17] are fast converging but
linear approximations introduce error and that deviate
outcomes from the global optimality.

To overcome these, in [18], the authors proposed a sequential
MILP (s-MILP) algorithm by employing first-order Taylor se-
ries linearization for the quadratic expressions. But the method
did initialization by solving the original NCP and lacks an
infeasibility correcting mechanism, resulting longer solution
time and more iterations. This paper further improves the ILP
algorithm by introducing the TCP constraints for infeasibility
handling. The new method, named as TCP Enabled Iterative
LP (TCPILP), does median value initialization and shows fast
convergence. The specific contributions are listed below:

1) A non-convex loss minimization problem is formulated
for AC-DC RDN and then simplified by adopting suit-
able linearization techniques. However, to handle the
possible infeasibilities related to AC-DC power flow
and VSC operations, TCP constraints are introduced and
added as inequality with the linear optimization frame-
work. The TCP ensures the feasibility in the successive
iterations by limiting the search space at the boundary
of the original non-convex problem by incorporating
penalty parameters in the inequality constraints.

2) The objective function is revised to minimize the penalty
variable along with the network loss and then the frame-
work is solved iteratively till the convergence criteria is
met i.e., zero valued penalty variable and no change
in the objective function. Median based initialization
reduces the computation burden and solution time.



AC network

Pab + Jqah

Fig. 1. Schematic of a typical AC-DC RDN

3) The simulation study on 33- and 132-bus AC-DC RDN
proves the performance supremacy of the proposed
TCPILP against SOCP, LP, and s-MILP based methods.

II. LoSSs MINIMIZATION PROBLEM FOR AC-DC RDN

Here, the AC-DC RDN is modeled as a connected graph,
consisting of three parts (shown in Fig. 1), viz. the AC/DC
networks having AC/DC buses and lines, and the VSCs, which
are installed to perform AC to DC conversion and vice-
versa. The analytical notations are described in Table 1. Solar
PV panels are installed at different locations in the network
and associated with the smart inverters if it is at the AC
network. The optimization portfolio is formulated to regulate
the reactive power dispatch from the PV inverters and VSCs
to minimize the active power loss (P ) for the RDN [12].
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TABLE I
NOMENCLATURE FOR THE AC-DC RDN MODELLING

Symbol Description
M Total number of buses in AC-DC RDN (index: a, b, ¢)
Mac/pc Total number of buses in AC/DC network
yAC/be Voltage magnitude of AC/DC bus b (pu)
I fbc/ be Current magnitude flowing between buses a and b (pu)
pfbc /DC Active power flow between buses a and b (pu)
q(‘l“bc Reactive power flow between buses a and b (pu)
r:‘bc/ bo AC/DC network line resistance (pu)
x;“bc AC network line reactance (pu)
pf A qf v Active/reactive power dispatch from PV inverter (pu)
sbp v PV inverter apparent power rating at bus a (pu)
VbAC/ bovse Voltage magnitude at AC/DC side of the VSC (pu)
p?C/DC’VSC Active power at AC/DC side of VSC (pu)
ql,;AC,VSC’ Reactive power at AC side of VSC (pu)
s;/s c Apparent power rating of VSC at bus b (pu)
aysc VSC loss coefficient
Bvsc VSC efficiency
52/ sc Amplitude-modulation index for VSC
p;/ls; ?5 Active-power loss at VSC (pu)
ﬁf/ bo Active-power demand at AC/DC bus a (pu)
ql‘fg Reactive-power demand at AC bus a (pu)
7’:51/ be Minimum allowable voltage limit at AC/DC bus (pu)
yAC/DC Maximum allowable voltage limit at AC/DC bus (pu)
VbAC,VSC _ 0'612@/50‘/1?0,\/50 (16)
(pgxc,vsc)2 n (q?c,vsc) 2 < (S[\)/SC)Q 17

Here, [, ( ab » Uy b

The objective function (1) is the summation of AC network
(1st term), DC network (2nd term) losses, and power loss at
VSC (3rd term). Equations (2)-(5) represent the branch flow
model (BFM) for the AC network, denoting nodal active and
reactive power balance, node voltage, and apparent line power
flow, respectively [12]. The reactive power dispatch from the
PV inverters at the AC network is limited by the inequality
(6). The AC bus voltage magnitude follows the boundary limit
(7). The DC network BFM is provided in (8)-(10), denoting
active power balance, bus voltage, and line flows, respectively.
DC bus voltage is bounded by (11). The operation of VSC is
modeled by the constraints (12)-(17), representing the range
of modulation index, relation between AC and DC sides
active power, active power loss, active power balance, relation
between AC and DC sides voltage magnitude, boundary limit
on apparent power dispatch at AC side, respectively.

AC/DC _ IAC/D022 LAC/DC _ (VAC/DC 2

III. SOLUTION APPROACH
A. Linearization Techniques
The problem described in Section II is an NCP due to the
presence of bi-linear terms in constraint (16), quadratic equal-

ity (5), (10), and (14), and quadratic inequality (17). These
non-convexity need to be linearized for fast convergence.



1) McCormick Envelopes: Equality constraint (16) is non-
convex due to bi-linear term £/ SCV,P< V5 \where 1,7V 5¢
in pu corresponding to DC network base voltage. McCormick
envelopes are employed to linearize the bi-linear term using
auxiliary variable {2 [19]. The linear inequalities (19)-(22)
are added to the problem and (16) is replaced with (18).
Envelopes possess exactness if the optimal decisions i.e.
O, €/ 5 and V,POV5C" satisties 0 = ¢ SOy POVIC,
It is reported in [20] that the exactness can be obtained if
the continuous variables are of short range. Generally, the
variation range of the per unit voltage magnitude is 0.2 pu
(0.9 pu to 1.1 pu), and variation range of & is only 0.1
(0.9 to 1.0). So, it is worth telling that the envelopes are tight.
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2) First Order Taylor Series: Each quadratic term in the
constraints (5), (10), (14), and (17), are approximated by their
first order Taylor series by neglecting the higher order terms.
The Taylor series evaluation point at iteration ¢ is denoted by
the hat (z) variables. The linear constraints are [18]:
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Therefore, the linearized loss minimization problem is [18] :
L1: Min. (1), s.t. (2)-(4), (6)-(9), (11)-(13), (15), (18)-(26).

AC,VSC [
2p, (p

(26)

B. Infeasibility Handling with Tangential Cutting Plane

In Section III-A2, the quadratic terms are linearized by
first-order Taylor series while neglecting the second and other
higher-order terms. Hence, there is a possibility that the
solution point derived at iteration ¢ may not follow the actual
quadratic constraint and show the following conditions:

(PC)" + (a°)" # vaclal
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27)

(pBC)” # 0P9IRC (28)
2
(ﬁbAC vsc) + (qA;:lC,VSC’> ] (ﬁXigs/avsc)Q (29)
2
(pfc VSC) n (ql,;xc,vsc) > (51‘7/50)2 (30)

Now, the following conditions, (31)-(33), can be observed for
the infeasibility (27)-(30).

Either (pAC)° + (64°)% < 62CIAC, or > 92CIAC (31)
Either ( %C) < vDCl ,or > vDClDC 32)
2
Either ( LAC, vsc) n <AAC.,VSC)
Ps % (33)

< (S avse)” or > (i favse)”

Hence, to shift the solution point from infeasible search space
to the feasible region, TCP constraints (34)-(40) are introduced
with penalty variables ubA/%fg/ VSC.H/ - > 0. Constraint (34)
is added to avoid the VSC dlspatch infeasibility (30).

AC,VSC [ AAC,VSC
by

AC,VSC [
Dy (q

ac,vsc\’
+ qQ )

’ (34)
< (1) + 36

The infeasibility (31) is managed by introducing two linear
tangential cutting plane inequality constraints as given below,

AC (~ACYE AC (~AC AC7A AC AC AC,+
Pab (pab ) + qab (qab ) < Vg l +l + Mab vio
(35)
ACTAC AC HAC AC (~AC AC (AAC AC,—
Vg lab +lab Va Spab (pab ) +qab (qab ) +'uab V%0
(36)
Proposition 1: If at any iteration 1, the derived solutions give
fbcﬁ; = ufbcm , = 0 after satisfying the constraints (35) and

(36), and the solution does not alter between two consecutive
iterations, i.e., © — 1 and 1, then

((620)) + ((@40)") = @2y’ (i)
Similar way, the infeasibility (32) and (33) can be avoided by
adding the following inequalties into optimization framework

~ DC,
pab (paDC) < UaDCl + ZDC DC + Mab chr) (37)
i DC,—
Dcl + lDC DC < p (pab ) + 'uab vio (38)
AC,VSC ([ ~AC,VSC AC,VSC [ JLAC,VSC
Py (Pb ) +q (qb ) (39)
i VSC,
S (1/05%/50) pb loss (pl‘;lé;gs) + b vio *
1 VvsC (~VSC AC,VSC [ ~AC,VSC i
a pb loss (pb loss) < Py <pb )
vse , (40)
AC,VSC [, ACVSC\® VSsC,—
+q, (qb ) + My vio

As per the “Proposition 17, the AC-DC OPF feasible solutions
are only obtained by making the penalty variables zero. Hence,



Median based
initialization and
feasibility checking

s
9

Construct Tangential
cutting plane constraint
with i iteration solution
point

Yes | Return the
— optimal
decision

S
i=0

Update first order
Taylor series expansion
evaluation point with
i iteration solution

Solve the linearized
— loss minimization
problem “L1”

Solve the linearized
1 loss minimization f+—
problem “L2”

Fig. 2. Flow chart of the proposed TCPILP algorithm

Actual non-linear
feasible search space
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the objective function is revised by adding the penalty variable
minimization with the loss minimization, as shown.

. . T vsc VSC,+ VSsC,—
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aEM beM
S.t. 2)-(4), (6)-(9), (11)-(13), (15), (18)-(26), and (34)-(40).

C. Proposed TCPILP Algorithm

The proposed tangential cutting plane enabled iterative
linear programming approach, abbreviated as TCPILP, is de-
picted in Fig. 2. At the beginning (i.e., when iteration count
i = 0), the initial solution point for the first-order Taylor
series expansion is estimated using the median values of
the decision variables within their permissible ranges. The
feasibility of this initial point is then verified by computing
the corresponding AC-DC power flows and VSC dispatches.
If it violates the feasibility, it will be adjusted to lie within the
feasible operating region. After proper initialization, the LP-
based loss minimization problem is solved iteratively. After
completion of every iteration, the termination condition is
verified. The algorithm is set to terminate when following
three conditions are satisfied simultaneously. First, the penalty
parameter values are zero, which denotes feasibility; second,
the difference between the obtained objective function values
of two consecutive iterations are lesser than the threshold
limit (i.e., 1e-5), and third, the mismatch for the McCormick
envelopes are lesser than 0.001 pu to ensure exactness [14]. If
any of these conditions are not met, then the iteration counter
is updated and the Taylor series evaluation point is updated
using the most recent solution.

After updating the Taylor series evaluation point, the feasi-
bility of the new solution point is re-investigated. If it does not
satisfy either VSC or AC-DC power flow or both constraints,
the TCP constraints are constructed and added with the “L1”
problem to form the “L2” problem. As shown in Fig. 3, the
TCP ensures feasibility in the successive iterations by updating
the infeasible solution X * at iteration ¢ to the feasible solution
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X%, The TCILP algorithm ensures convergence to the global
optima (i.e., the KKT-optimal point) when the iterative process
terminates with all penalty variables reduced to zero.

IV. SIMULATION STUDY

The efficacy of the TCPILP algorithm is validated on 33-bus
AC-DC RDN consisting of one AC network, 2 DC networks
and 2 VSCs [18] (Fig. 4). The system has 4 PVs of 500
kW rating (2 at AC network and 2 at DC network). The AC
network PV panels are associated with 600 kVA inverters.
Base load condition with 1 pu solar power generation and 1 pu
substation voltage is considered for simulation scenario. The
efficiency and power factor of VSCs are 0.95. The bus voltages
are allowed to vary between 0.9 pu and 1.1 pu corresponding
to their base values. The simulation is carried out on an
i7 computer with 16 GB RAM, and the “linprog” solver in
MATLAB is used to solve the L1 and L2 problems.

The performance comparison is done between TCPILP and
other methods viz. SOCP [7]-[13], LP [17], and s-MILP [18].
The LP method is formulated by adopting piecewise lineariza-
tion for simplifying the quadratic terms. The solution obtained
from the SOCP-based method is considered as the reference
to validate the optimality of other methods. The simulation
results are provided in Fig. 5 and Table II. It is noted that all
methods achieve near optimal solution (see the voltage profile
at Fig. 5). However, LP possesses the highest optimality gap
because of the approximation taken in piecewise linearization,
but produces the result in the least time. The s-MILP reduces
the optimality gap, but the initialization process takes a longer
time. Further, to avoid the effect of the initialization with an
infeasible solution point, it completes more iterations (almost
15 sec per iteration). Now, the proposed TCPILP shows a
good trade-off between accuracy and solution time. It shows
the least optimality gap with solution time lower than SOCP
and s-MILP based methods. Compared to s-MILP, TCPILP
needs fewer iterations because of its inherent capability to
manage the infeasibility with TCPs in subsequent iterations.
Again, unlike s-MILP, median-based initialization reduces the



TABLE 11
SIMULATION RESULTS FOR 33-BUS AC-DC TEST SYSTEM

TABLE III
SIMULATION RESULTS FOR 132-BUS AC-DC TEST SYSTEM

Parameters SOCP LP [17] s-MILP | TCPILP Parameters SOCP LP [17] s-MILP | TCPILP
[71-{13] (18] [71-13] (18]
Optimal Pf;ss (kW) 89.36 92.67 91.14 90.02 Optimal qu(;ss (kW) 336.25 357.49 344.58 339.48
Optimality gap (%) Base 3.70 1.99 0.74 Optimality gap (%) Base 6.31 2.48 0.96
Total iteration needed - - 7 4 Total iteration needed - - 12 5
Initialization time (min) | - - 3.5 0.11 Initialization time (min) | - - 16.34 0.23
Solution time (min) 1.75 0.88 5.25 1.36 Solution time (min) 15.73 2.47 36.14 3.73
Main
[ 33-bus AC-DC RDN grid 33-bus AC-DC RDN ] [2] L. Zhang et al., “Optimal configuration of hybrid ac/dc distribution

[ 33-bus AC-DC RDN 33-bus AC-DC RDN |

Fig. 6. Schematic of 132-bus AC-DC RDN

solution time significantly. Further, the McCormick mismatch
is around 0.0005 pu, which reflects its tightness.

The performance of TCPILP for a large network is validated
on 132-bus AC-DC RDN (Fig. 6), adopted from [18]. The
simulation results are summarized in Table III. It is noted that
with the increase in network size, the optimality gap increases
for LP, but it is still the fastest solution process. SOCP
method also experiences a significant increase in solution time.
Both s-MILP and TCPILP complete more iterations before
termination (compared to 33-bus case), but large initialization
time makes s-MILP the worst-performing, as it needs to solve
a large number of non-convex constraints. Comparing with
the existing methods, it is noted that the TCPILP method
outperforms LP and s-MILP in terms of optimality gap, and
SOCP and s-MILP in terms of solution time. The McCormick
envelopes are exact for 132-bus test systems as well (gap
is around 0.0008 pu). This makes it suitable for real-life
applications in bulk networks.

V. CONCLUSION

This article proposes a new tangential cutting plane enabled
iterative linear programming algorithm to solve the loss min-
imization optimization problem of AC-DC RDN. First, the
method linearizes the non-linear terms using the McCormick
envelopes and the first-order Taylor series. Later, to correct the
infeasible evaluation point at the Taylor series at the successive
iterations, tangential cutting plane constraints with penalty
parameters are introduced as inequality constraints. The mini-
mization of the penalty parameters makes the solutions AC-DC
power flow and VSC operation feasible. The simulation study
on 33-bus and 132-bus test systems show the suitability of the
proposed method in terms of optimality gap and solution time
compared with the existing state-of-the-art techniques. In the
future, the authors would like to expand the work to develop a
multi-period multi-objective OPF problem with energy storage
and electric vehicle. The present algorithm will be updated by
incorporating temporal and spatial decomposition methods for
reducing computation complexity and convergence time.
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