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Abstract—The maximum Lyapunov exponent (MLE)
leverages power system response data to provide a model-free
estimate of the transient stability margin. However, this
approach is fundamentally constrained by its binary
characteristic, offering a mere stability classification without
quantifying the degree of stability. Therefore, this paper
proposes a framework for MLE-based dynamic security region
(DSR) construction. Firstly, the dynamic characteristics of the
typical angular velocity deviation trajectories and MLE
trajectories are analyzed to extract the MLE criterion and then
a stability boundary function is constructed. Secondly, the linear
mapping relationship between injection space parameters and
criterion sensitivity is established for a single-machine system
and then extended to multi-machine case. Furthermore, based
on the sensitivity of the stability boundary function to variations
in the injection space parameters, a DSR boundary
characterization model of the dominant instable generators is
proposed. Finally, the proposed method is validated on the
IEEE39 bus system.
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I. INTRODUCTION

The secure and stable operation of power systems is a
global issue that directly impacts economic development and
social stability, which has long been a primary concern in the
power industry [1]. Traditional transient stability analysis
often employs the time-domain simulation method, which is
widely used in power system planning, design, and operation
due to its intuitive nature [2]. However, with the continuous
low-carbon transformation of power systems and the
increasing share of renewable energy, the development of
power electronic-based systems has not only increased the
complexity of stability analysis but also heavily relied on
accurate model construction [3]. Due to discrepancies
between simulation models and actual systems, the simulation
results will inevitably exhibit certain deviations. Therefore,
with the development of Phasor Measurement Units (PMUs)
and Wide Area Measurement Systems (WAMS), real-time
collection of generator response data has become feasible [4],
and transient stability analysis based on response trajectories
has gained increasing attention.

The Lyapunov Exponent (LE) characterizes the average
exponential rate of convergence or divergence between
neighboring trajectories in the system's operational space. It is
a crucial tool for studying the stability and chaotic behavior of
nonlinear dynamic systems [5]. Among them, the maximum
Lyapunov exponent (MLE) can quantify the long-term
dynamic behavior of a system after a disturbance [6], making
it applicable for the stability analysis of power systems.
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Reference [6] calculates the MLE of the time-series power
angle curves for each unit and observes the sign of the MLE
of the relative power angle curves within a predefined time
window to identify transient stability. Further, reference [7]
estimates the MLE of the wide-area measured power angle
trajectories using a recursive least squares method, proposing
a data-driven transient stability assessment approach.
Although substantial research has been achieved by using
MLE for transient stability assessment in power systems,
several challenges remain in its practical application:

e The MLE criterion can only passively reflect the
instability state of a power system. Within the reliable
stability assessment time window, transient instability
may have already occurred between units, lacking
sufficient predictive capability.

e  Although the MLE criterion can accurately determine
the system's dynamic behavior over a longer period
after a disturbance, it lacks the ability to quantify
stability margins and cannot provide reliable
references for preventive or emergency control.

In recent years, the security region (SR) theory has been
proven to be an effective tool for assessing the stability margin
of power systems and predicting subsequent scheduling
security [8]. The dynamic security region (DSR) theory is a
theory to judge system stability based on the idea of the region.
It transforms the dynamic model of a post-fault time-varying
system into a pre-fault linear time-invariant model. By
analyzing the distance between the actual operating point and
the DSR boundary, the system's stability margin can be
quantified, or the fastest adjustment direction for unstable
operating points can be provided. Given the advantages of the
security region theory in margin quantification, there is an
urgent need to conduct research integrating MLE theory with
DSR.

Based on the above analysis, this paper proposes a
practical method for constructing DSR based on the MLE
criterion. First, the MLE variation curves under different
disturbances are analyzed to derive and summarize the
stability criterion. Then, the mapping relationship between the
DSR and the MLE criterion is established, enabling the rapid
construction of the DSR boundary. The main contributions of
this paper are summarized as follows:

1)By adjusting the MLE criterion that uses the rotor speed
deviation at the first zero-crossing instant of the MLE
trajectory instead of the MLE at infinity, the proposed
criterion significantly improves the predictability of transient
stability assessment.
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2)The method proposed in this paper establishes an
effective mapping between the MLE criterion and the
injection space parameters. Based on the strong linear effect
of the MLE stability boundary function near critical points, a
characterization model for the DSR boundary of the dominant
unstable unit is developed. Compared with MLE-based
stability assessment, the proposed model can capture the
system’s pre-fault instability state and enable a quantitative
evaluation of the stability margin, which is of great
significance for the real-time monitoring of secure and stable
power grid operation.

II.  THEORETICAL FOUNDATION

A. Maximum Lyapunov exponent theory

Reference [6] summarizes the MLE-based stability
criterion as follows: if the system's MLE is negative at the
infinite moment after a fault, the system is dynamically stable,
and vice versa. This paper employs the model-free method
from Reference [7] to calculate the system's MLE. Starting
from the fault-clearing moment t,, the system's MLE is
calculated by capturing the slope of the linear segment in
Phase II:

1 LD(m(n),n, k)

MLE (k)=—-1
)= ear & D (m(m).n.0)
1
1 ||Xm(n)+k _X}'Hk ( )
P L)
kAt ||Xm(n) _Xn

Where MLE (k) denotes the MLE value calculated at
period k, m(n) and n denote the initial times of the
neighboring and original trajectories, At denotes the
sampling interval, LD(m(n),n,0) and LD(m(n),n, k)
denote the distances between the two trajectories at the
initial time and at period k, and || A—B}|| denotes the Euclidean
distance between points A and B.

B. Dynamic security region theory

In a multi-machine system's injection power space, the
DSR model can be defined as [9]:
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Where (2 represents the set of safe operating points in
DSR, a; represents the hyperplane coefficient of the i-th
generator, P/™ and P} are the lower and upper limits of the
active power output of the i-th unit, and R™" ! is an n-1
dimensional variable space, representing all generators
except for the slack bus.

III. EFFECTIVE MAPPING BETWEEN THE MLE CRITERION
AND DYNAMIC SECURITY REGION

A. Maximum Lyapunov exponent stability criterion

For a single machine infinite bus (SMIB) system,
neglecting the effects of the governor and exciter, a power
imbalance occurs following a large disturbance, and the
system motion equation can be expressed as:
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Where M represents the inertia time constant. When
applying the MLE to assess the transient stability of a power
system, the selection of characteristic variables is critical. In
this paper, the rotor angle of the generator is chosen as the
observation variable, which leads to the following MLE
calculation formula for the measured data:
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A separation degree (SD) of 1 between the original and
neighboring rotor angle trajectories ensures good distinctness
[7]. For the N-th measurement of the time-series response
trajectory, the following equation holds:

S(N)=S(N-1)=w,A0(N -1)/ f )

Where f represents the system frequency. Combining

equations (3) and (4), the MLE stability criterion is
transformed into a criterion based on the angular velocity
deviation of the synchronous generator rotor.
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The characteristic behaviors of synchronous generators,
represented by angular velocity deviation trajectory and MLE
trajectory following fault clearing, for both typically stable
and unstable system scenarios, are illustrated in Figure.1. The
angular velocity deviation at the fault-clearing moment ¢, is

denoted as @, , and the time when the MLE first crosses the

X-axis from the negative half-axis is denoted as ¢, .
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Figure.1. w and MLE characteristic curves in typical scenarios

As shown in Figure.1.(a), under severe fault disturbances,
the generator rotor experiences a brief deceleration phase,
followed by acceleration, which leads to system instability.
The MLE experiences a brief negative value, then remains
positive after crossing the X-axis, with the rotor angular
velocity deviation @, = @, >0 at the moment when it crosses
the X-axis. As shown in Figure.1.(b), after the fault occurs and
is quickly cleared, the generator rotor immediately enters the
deceleration phase, followed by damped oscillations that



ultimately stabilize. The MLE first cross the X-axis with the
rotor angular velocity deviation @, =-®, <0 , and then

oscillates around the zero point until the system stabilizes.

Based on the above analysis, this paper proposes the
following stability criterion: after fault clearing, the angular
velocity eigenvalue at the moment when the MLE first crosses
the X-axis from negative to positive can be used as a substitute
for the MLE at infinity as the stability criterion. If Aw(z,) <0,

the system is stable; otherwise, the system is unstable.
B. Sensitivity analysis of the MLE stability boundary
Function

To facilitate the following description, the stability
boundary function f(z,) is introduced, and the stability

criterion can be expressed as:
=0
] ©)

The sensitivity of the stability boundary function can be
analyzed and calculated based on the angular velocity at the
fault-clearing moment because of | Aa(t,) |=| Aw(t,) ] .
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Extensive experimental analysis indicates that when the
fault-clearing time is less than the critical fault-clearing time,
the angular velocity deviation is linearly related to t,, and
when ¢, >t quickly transitions to another linear state, as the

equation (7).
Aa(t,)+x (1, =1,),
Aa(t,)+ K, ~1.),

t<t,

t>t,

Aw(t,) = { (3)

Additionally, Reference [10] rigorously verified that, in a
single-machine infinite bus system, the generator's active
power output B, is linearly related to the critical fault-clearing
time t,.
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Fig.2. Schematic diagram of the relationship between Aw(¢,) and P,

Based on the above analysis, the stability boundary
function based on the MLE criterion exhibits a piecewise
linear relationship with the system's active power output near
the critical stability point. As shown in Fig.2., as the generator's
active power output increases, Aw(z,) linearity decreases, and

when it reaches the minimum value ¢, the system is critically
stable. Continuing to increase the generator's output, Aw(z,)
shifts to another parameter &*, and further increases with
another slope. Therefore, the sensitivity of the transient
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stability boundary function based on the MLE trajectory can
be defined by Equation (8):
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C. Dynamic security region boundary

To maintain consistency of the criterion in multi-machine
systems, based on the method proposed in Reference [11], the
CCCOI-RM transformation technique is used to project the
original system's n-dimensional time-series response curves
onto n mutually independent planes, thus extending the MLE
stability criterion to multi-machine systems.

AD, = Ao, — A,
1
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For a multi-machine power system with n generators, the
motion equations are typically expressed in the center of
inertia (COI) coordinate system.

_ M Ao, (10)
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Where P, and P, represent the mechanical power and
electromagnetic power of the i-th generator.

As shown in Equation (10), the rotor motion equations of
a multi-generator system are similar to the rotor motion
equations of a SMIB power system. Therefore, the MLE
criterion sensitivity analysis is also applicable to multi-
machine systems. Therefore, the stability criterion for the
multi-machine system is:

[)=Ad (1) <0&&AG(t,) 2 & i=1,2,+,n (12)

For a power system with ngenerators, the active power
sensitivity matrix of the stability boundary function can be
defined as:

-
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In the critical point, when the generator output changes,
the stability criterion is transformed into:
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Considering the active power balance constraint of the
generators, equation (13) can be rewritten as:

Z( ; AP, <1
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Where the subscript S denotes the balance machine. To
further consider the upper and lower limits of generator active
power outputs, the generator-dominated practical DSR
boundary model can be expressed as:
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In practical power system operating scenarios, the number
of generators is often quite large, making it difficult to
construct DSR considering all generators based on the above
formula. Given that the transient power angle instability in
power systems manifests as the angular displacement between
the key units dominating instability [12], when calculating the
sensitivity matrix F, it is generally sufficient to consider only
the critical unstable units. Therefore, the steps for obtaining
the practical DSR boundary are as follows:

e Based on power system data, determine the fault line
L and fault duration t , obtain real-time measurement
data after the fault and use the MLE criterion to
perform stability assessment.

e By increasing or decreasing the fault-clearing time,
identify the leading unit, obtain the critical stable
operating point, and identify the dominant unstable
unit under the current fault. Perform CCCOI-RM
transformation on the Aw, to obtain the transformed

angular acceleration.

e In the initial fault scenario, gradually change the
output of the dominant unstable units until the system
becomes unstable, and calculate the stability
reference parameters ¢ or £ of the MLE criterion

for this fault.

e  Perturb the generator output at the critical instability
point, calculate the sensitivity matrix of the MLE
stability boundary function F, and construct the DSR
boundary according to Equation (16).

IV. CASE STUDY

To verify the effectiveness and applicability of the
proposed method, tests are conducted on the New England 10-
generator 39-bus system, with bus 31 set as the reference
(slack) bus. A three-phase short-circuit fault is applied at the
sending end of the transmission line between bus 17 and bus
18 at t = 0s, and the fault-clearing time is set to 0.18 s.
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A. Dynamic security region boundary construction

Perform time-domain simulation at the initial operating
point to obtain measurement data, compute the MLE
trajectory numerically, and use the MLE criterion to assess
stability. The system is found to be in a stable operating state.
When the fault-clearing time is increased to 0.22 s, the system
becomes unstable. The power angle and MLE trajectories are
shown in Fig.3., and the leading generator is identified as
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Fig.3. Unstable power angle curves and MLE trajectories.

TABLE L. SENSITIVITY OF GENERATORS
Stability boundary function sensitivity
Generators - -
Fisy (x107) Fs (x107)
Gy -4.721 3.991
Gy 6.451 -8.876
G -2.790 -2.565
G -74.791 -9.668
Giss -2.457 -5.465
Gse -2.975 -6.192
Gy 6.505 -1.653
Gss 8.914 -23.262
Gy 8.611 6.557
920 T T T T T T
900k \ Tl : G38 dominant
880 .
< s60f S
= < D8R
§ 840 1 i ‘
A Balance machine 034 dominant -
O s20f output constraint S
800
780k <- G34 output limit
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Fig.4. Practical dynamic security region dominated by G34 and G38

At the initial fault, the output of the leading generators is
increased individually, and the system becomes unstable in
each case, indicating that the fault is a multi-machine
dominated instability. Keeping the outputs of the other
generators unchanged, the outputs of generators G,, and G,

are increased until the system loses stability. The
corresponding critical active powers are determined to be 545



MW and 910 MW, with the stability reference parameters
Egza =-0.3876(rad / s) ) Eoag =-0.4487(rad /s)

respectively. Individually vary the active power output of each
generator, calculate the sensitivity matrix of the dominant
unstable units, and the results are shown in TABLE [ .

For intuitive visualization, the active power injections of
generators G34 and G38, which are associated with the
dominant instability mode, are selected as the two-
dimensional parameter space of the PDSR. The resulting
PDSR is shown in Fig.4. The entire PDSR construction
process requires computational time T = 1.51s.

B. Model error comparison

In order to verify the accuracy of describing the security
boundary, the results obtained by this method were compared
with the traditional fitting method.

an

Where, LD, represents the distance from the critical

e . 2
injection power to the security boundary, " pj” denotes the

magnitude of the critical point, and «; is the coefficient of the
security region hyperplane.

In this case, 20 critical points are selected for verification.
Using equation (17), the percentage error between each
critical point and the security region hyperplane is calculated,
and a comparison of the DSR boundary errors obtained by
different methods is presented in Fig.5. The maximum errors
of the dynamic security boundary obtained by the fitting
method and the proposed method are 1.72% and 1.55%, both
within the 5% tolerance range acceptable for engineering
calculations. In terms of computational efficiency, the fitting
method requires a large number of critical points to
approximate the security region boundary, taking up to 10
minutes in this case. In contrast, the proposed method
constructs the model using MLE trajectories and rotor speed
deviation information on a second-level timescale,
significantly reducing the time required for boundary
characterization.
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Fig.5. Comparison of DSR boundary errors

V. CONCLUSION

This paper extracts the MLE criterion and establishes a
stability boundary function by analyzing the variations in
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generator rotor speed deviation and MLE trajectories during
transient processes. An effective mapping between the MLE-
based stability boundary function and the injection space
parameters is constructed, and the DSR is developed at the
critical stability point based on the sensitivity matrix of the
MLE stability boundary function. Simulation results
demonstrate that the proposed method achieves smaller errors
and faster computation compared with the fitting method. The
boundary derived from this model can effectively determine
system instability, and the relative position between the
operating point and the DSR boundary provides valuable
insight for the early prediction of transient stability and the
quantitative assessment of stability margins.

The following research will further analyze the
applicability of the proposed DSR construction method in
power systems with high renewable penetration, focusing on
the impact of power electronic devices on the security
boundaries.
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