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Abstract—As inverter-based resources (IBRs) contribute larger
shares of generation in electrical power grids, their impact on
the stability of these systems grows. Quantifying the strength
of the system is important for identifying potential stability
issues related to IBRs. Recently, new admittance model based
system strength metrics have been proposed to identify stability
issues and control interactions in systems with high levels of
IBRs; however, these methods depend on the linearization of
nonlinear devices in power systems and must be evaluated at
many operating points to understand how the state of the system
impacts system strength. In this paper, we propose new system
strength metrics based on the sensitivity of the small-signal
stability of the system to changes in the operating point due
to perturbations in power injections. We validate our approach
on a 14-bus test system to show how the metrics can be used to
find remedial actions for small-signal stability issues.

Index Terms—Grid strength, inverter-based resource, power
flow, power system stability, system strength

I. INTRODUCTION

As electrical power systems are becoming more reliant
on inverter-based resources (IBRs), grid operators are faced
with a range of new challenges when ensuring power systems
can maintain stable voltage and frequency. The integration of
conventional grid-following (GFL) IBRs into power systems
can make the system more prone to small-signal instability
such as subsynchronous oscillations [1], [2], which have been
observed in power systems repeatedly over the past decade.
The ability of power systems to maintain a stable voltage and
frequency under disturbances can broadly be referred to as
system strength [3], and many metrics have been developed
that quantify this system strength to screen the grid for weak
areas and identify potential modes of instability.

Traditionally used grid strength metrics, such as short-
circuit ratio (SCR), cannot accurately quantify system strength
for systems with high IBR penetration and can fail to identify
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areas with low system strength [3]. In addition to this short-
fall, SCR and other methods that rely on steady-state or short-
circuit analysis cannot consider instability caused by control
interactions between IBR devices [4]. Consequently, new met-
rics have been proposed, including admittance-based methods
that directly consider small-signal stability [5]–[7]. While ap-
proaches that estimate small-signal stability regions [8], [9] or
trace eigenvalue paths [10] may not be practical for screening
large systems with IBRs, metrics based on the frequency
response or sensitivity of modes can inform operators on how
to control the system to prevent small-signal instability.

Previous studies have investigated methods for calculating
the sensitivity of system eigenvalues to changes in device
parameters [11], [12]. However, few consider the interactions
between power flow parameters to allow for calculating sen-
sitivities with respect to power injections or bus voltages.
[13] considers how to calculate eigenvalue sensitivities with
respect to perturbations in power flow parameters, but this
method relies on white-box analytical device models and
cannot be directly applied to systems containing proprietary,
black-boxed IBRs. More recently, [14] employed grey-box
modeling techniques to compute the sensitivity of eigenvalues
to changes in parameters, but does not consider sensitivities
to power flow parameters.

In this paper, we define new system strength metrics that
extend the work in [7], [14] to consider the sensitivity of the
system eigenvalues to changes in the system power flow due to
perturbations in bus power injections. We demonstrate with a
14-bus test system, how such an approach can provide system
operators with information to practically identify and mitigate
small-signal stability challenges in real-time by redispatching
generators in the system.

The remainder of this paper is organized as follows. Sec-
tion II introduces the system model. Section III-A discusses
how to find the sensitivity of the power flow to perturbations
in power flow parameters and Section III-B discusses how
to use these sensitivities to calculate the sensitivities of the
system’s eigenvalues. Section III-C defines system strength
metrics based on these power injection sensitivities and Sec-
tion III-D discusses their scalability. Section IV demonstrates
the capabilities of these metrics with a 14-bus test system and
Section V concludes the paper.
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Fig. 1: Illustration of a power system with its equivalent impedance model.

II. SYSTEM MODEL

We consider a system of devices connected in an AC
network. A representation of such a network can be seen in
Fig. 1. The network is defined with a set of N buses N and
lines E , where Yik = Gik + jBik denotes the admittance
between buses i and k. Bus i ∈ N is characterized by power
injections Si = Pi+jQi and voltage Vi∠θi; these are collected
into vectors V,Θ,P,Q. A slack bus maintains system power
balance by varying its power injections.

A. Power Flow

In steady-state, the power flow through the network satisfies
the AC power flow equations

Pi = Vi

∑
i∼k

Vk(Gik cos θik +Bik sin θik), (1a)

Qi = Vi

∑
i∼k

Vk(Gik sin θik −Bik cos θik), (1b)

for each bus i ∈ N . The first-order Taylor series expansion of
(1) gives[

∆P

∆Q

]
= J(M)

[
∆V

∆Θ

]
, J(M) =

[
∂P
∂V

∂P
∂Θ

∂Q
∂V

∂Q
∂Θ

]
, (2)

where J is the Jacobian typically used to solve the power
flow problem. Here we denote the power flow parameters at
all buses in the system as M, where Mi = [Pi, Qi, Vi,Θi]
are the power flow parameters at bus i.

To solve power flow models, buses are specified as having
two of their four power flow parameters being fixed. Typically,
bus types are PQ, PV, and VΘ (the slack bus) where the bus
type indicates the parameters that are fixed at that bus. We let
V , Θ, P , and Q denote the set of buses where the respective
parameter is fixed at that bus and we let Ṽ , Θ̃, P̃ , and Q̃
denote the set of buses where the respective parameter value
is variable at that bus and depends on the fixed values and (1).

B. Dynamics and Small-Signal Stability

The dynamics of the devices and lines in the system are rep-
resented using nonlinear models in dq reference frames. Lin-
earizing these models around an operating point satisfying the
power flow equations yields equivalent admittance/impedance
models, which are transfer functions relating voltage Vi,dq and
current Ii,dq at the point of interconnection (POI). Aligning
these models to a global dq frame, they can be combined to

form a whole-system admittance model, a frequency-domain
transfer function matrix that characterizes the small-signal
dynamic characteristics of the entire system [15].

The whole-system admittance matrix is defined as

Ŷ(s) = (I +Ynet(s)Z(s))
−1Ynet, (3)

where Ynet(s) is the nodal admittance matrix of the network
and Z(s) = diag(Z1(s), Z2(s), . . . , ZK(s)) is the block
diagonal matrix containing the device impedances. The poles
of each element of Ŷ(s) are equivalent to the eigenvalues
of the system [15]. If all of the eigenvalues lie in the left
hand plane, then the system is small-signal stable. Further, as
discussed in [14], the sensitivity of these eigenvalues is related
to Ŷ(s) as ∂λ

∂Ŷ−1(λ)
= −ResλŶ and the perturbation of these

eigenvalues with respect to sufficiently small perturbations in
Ŷ(s) is

∆λ = ⟨−Res∗λŶ,∆Ŷ−1⟩, (4)

where ⟨·, ·⟩ is the Frobenius inner product of two matrices,
ResλŶ is the residue of the whole-system admittance matrix
evaluated at λ, and ∗ denotes the conjugate transpose [16].

Admittance models vary with the system operating point
due to the linearization of nonlinear devices. Consequently,
changes in a device’s power injection or POI voltage shift
the linearization point and the resulting equivalent impedance,
ultimately altering system eigenvalues.

III. METHOD

A. Power Flow Sensitivity

When the power injection at a bus changes, the system
adjusts to a new power flow solution satisfying (1). Accurately
assessing the impact of such a perturbation on small-signal
stability requires accounting for its effect on the overall
power flow [13]. Although this nonlinear problem is generally
challenging, for sufficiently small perturbations it can be
approximated using a first-order expansion. In this section we
discuss how to calculate the power flow perturbation ∆M for
a perturbation to a chosen fixed power flow parameter ∆x (e.g.
for a perturbation in the active power at bus 2 set x = P2).

First, we partition the Jacobian relating to whether or not
a power flow parameter is fixed or variable and define sub-
matrices as shown in (5).

J =

∂P
∂V

∂P
∂Θ

∂P

∂Ṽ

∂P

∂Θ̃

∂Q

∂V

∂Q

∂Θ

∂Q

∂Ṽ

∂Q

∂Θ̃

∂P̃
∂V

∂P̃
∂Θ

∂P̃

∂Ṽ

∂P̃

∂Θ̃

∂Q̃

∂V

∂Q̃

∂Θ

∂Q̃

∂Ṽ

∂Q̃

∂Θ̃




=

J−,− J−,∼

J∼,− J∼,∼

  (5)

Here J−,∼ represents the mapping of variable voltage param-
eters, (Ṽ, Θ̃), to fixed power parameters, (P, Q). We further
define J−,• = [J−,−, J−,∼], which selects the rows of J
corresponding to fixed power injections and the columns
corresponding to all voltage values.
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For a perturbation in the active power at buses in P or
reactive power at buses in Q (x = Pi, i ∈ P or x = Qi, i ∈ Q)
we can calculate the voltage magnitude and angle sensitivities
at buses in Ṽ and Θ̃, respectively, from (∂P∂x ,

∂Q
∂x ) = J(∂V∂x

∂Θ
∂x ) by taking ∂V

∂x ,
∂Θ
∂x = 0 to get∂Ṽ
∂x

∂Θ̃
∂x

 = J−1
−,∼

 ∂P
∂x

∂Q
∂x

 . (6)

We can then calculate the sensitivities of P̃, Q̃ as ∂P̃
∂x

∂Q̃
∂x

 = J∼,•

∂V
∂x

∂Θ
∂x

 . (7)

We then combine these sensitivities to get ∂Mi

∂x =

[∂Pi

∂x , ∂Qi

∂x , ∂Vi

∂x , ∂Θi

∂x ] for each bus in the system.

B. Eigenvalue Perturbations

We now use the power flow perturbations to compute
changes in the system eigenvalues. This requires the sensi-
tivities ∂Zk

∂µ of the device impedances with respect to local
power flow parameters. Equivalent device impedances and
these sensitivities can be obtained from analytical models or
from frequency-scanning measurements, as described in [14].
Because most black-box inverter models allow specification of
power references, this approach is also compatible with black-
box modeling when using frequency scanning to obtain device
admittance models.

Using the power flow sensitivities we can determine the per-
turbation to a device’s equivalent impedance for a perturbation
in a power flow parameter x as

∆xZk =
∑

µ∈Mk

∂Zk

∂µ

∂µ

∂x
·∆x. (8)

Then using (3) and (4), noting that ∆Ŷ−1 = ∆Z (See
Appendix A for proof) we can calculate the perturbation to
the system eigenvalue λ as

∆xλ = ⟨−Res∗λŶ,∆xZ⟩. (9)

This is equivalent to ∆xλ =
∑

k∈N ⟨−Res∗λŶkk,∆xZk⟩,
where Ŷkk are diagonal blocks of Ŷ, which can be calculated
from the local device impedance and the grid impedance seen
from that device’s POI [14].

C. Small-Signal Stability Metrics

In this section we define system strength metrics based
on the eigenvalue sensitivity with respect to perturbations in
power injections. We define the power flow sensitivity index
for an eigenvalue λ and parameter µ at bus i as

µSIi,λ =
re(∆µλ)

|re(λ)|
. (10)

This normalizes the sensitivity of the real part of an eigenvalue
by the magnitude of the real part of that eigenvalue. The
smaller the real part of an eigenvalue and the higher its

sensitivity, the larger the sensitivity index will be. From this
we can consider the maximum normalized eigenvalue shift
towards the right hand plane for an increase (to) or decrease
(from) in the power value and define the to sensitivity index
(µTSI) and from sensitivity index (µFSI) as

µTSIi = max
λ

(µSIi,λ), µFSIi = max
λ

(−µSIi,λ). (11)

The inverse of the µTSI and µFSI sensitivity indices give
a first-order approximate of how large a perturbation to the
parameter can be before the eigenvalue will cross into the RHP
and the system will become unstable. With this intuition, it is
clear that a larger sensitivity indicates a weaker system which
we show in the simulation results in the following section.

D. Scalability

This sensitivity-based approach is significantly faster than
recalculating the full system eigenvalues at a perturbed operat-
ing point, as it leverages system residues to compute sensitivi-
ties through simple linear algebraic operations. Utilizing selec-
tive eigenvalue algorithms [17] to acquire the base eigenvalues
and sparse state-space representations to avoid the numerical
precision challenges of high-order transfer function matrices
allows the method to be applied to large-scale systems. Ac-
quiring equivalent admittance models and their sensitivities
from black-box models through vector fitting [18] is the most
intensive step; however, these device-level admittances are
independent and can be calculated in parallel or pre-calculated
offline for a range of operating points.

IV. CASE STUDY

We perform a case study to validate the eigenvalue sensi-
tivity calculations and test the performance of our proposed
metrics in identifying weak buses and informing remedial
actions. We choose to focus on perturbations to fixed active
and reactive power injections and model all buses other than
the slack bus as PQ buses. We use a modified IEEE 14-
bus system where the synchronous condensers are replaced
by identical GFL IBRs, with one additional IBR at bus 10,
as shown in Fig. 2. The inverters are all selected to have
identical GFL control schemes and vary their current injections
to align with active and reactive power set points. Next, we
compare different generation cases detailed in Table I.
This case study uses a modified version of the Simplus Grid

Fig. 2: Diagram of the modified IEEE 14-bus test system.
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(a) PTSI (b) PFSI (c) QTSI (d) QFSI

Fig. 3: 14-bus system base case generator active and reactive power injection sensitivities.

TABLE I
IEEE 14-BUS CASE STUDY CASE DESCRIPTIONS

Case Changes from Base Case
Case A PG : 0.5 → 1.2 pu at bus 8 and bus 10
Case B PG : 0.5 → 1.2 pu at bus 6 and bus 10

Case A-2 PG : 0.5 → 1.2 pu at bus 8 and bus 10,
QG : 0.05 → 0.5 pu at bus 8.

Case A-3 PG : 0.5 → 1.2 pu at bus 8 and bus 10,
Bus 8 GFL to GFM control.

Fig. 4: 14-bus system base case IMR values.

Tool [19], and the code used to produce these results will
be made available at https://github.com/TragerJoswig-Jones/
Simplus-Grid-Tool-Power-Flow-Sensitivity.

A. 14-Bus Test System Results

First, we validate that the proposed methodology for cal-
culating eigenvalue perturbations produces accurate results.
We calculate the actual eigenvalue perturbations by perturbing
the power injection at a bus, calculating the new steady-state
power flow for the system, and then computing the resulting
eigenvalue perturbation. As shown in Table II, the actual and
predicted eigenvalue perturbations align closely.

Next, we calculate the proposed power flow sensitivity
metrics proposed in Section III-C with a selection of eigen-
values for the Base Case scenario. We also plot the system’s
Impedance Margin Ratio (IMR) values in Fig. 4, and compare
this to our metrics shown in Fig. 3. We see that IBR buses
identified as weak by IMR are also identified as being weak
by the PTSI and QFSI metrics; however, these metrics link
this weakness to shifts in power injections at these buses. Al-
though similar to IMR in their use of admittance residues, the
proposed metrics distinguish themselves by linking eigenvalue
sensitivities directly to power flow perturbations rather than
relying on conservative, worst-case impedance margins.

jV
j(

p
u
)

0.8

1

1.2

Base	Case Case	A Case	B
Case	A-2 Case	A-3

time	(s)
1 1.5 2 2.5 3

!
(p

u
)

0.95

1

1.05

Fig. 5: Time-domain response of bus 10 voltage magnitude and frequency for
the cases in Table I. A 0.67 pu load step at bus 5 occurs at t = 1 s. Case A
exhibits an undamped 1.4 Hz oscillation, which is not prevalent in Case B.
Increasing reactive power injected at bus 8 (Case A-2) or changing its control
from GFL to GFM (Case A-3) mitigate the oscillation introduced in Case A.

Next, we apply increases in active power injection at buses
with differing PTSI values and simulate the nonlinear time-
domain system to see how this impacts its response to a step
in the active power load at bus 5. Both cases increase the power
injection at bus 10, but Case A increases generation at the more
sensitive bus 8 IBR and Case B selects the less sensitive IBR at
bus 6. Fig. 5 shows that the increase in power injected at bus 8
with the higher PTSI value results in a maintained oscillation
post-disturbance, while the same increase in power injected
at the less sensitive bus 6 results in the system maintaining
adequate damping of this mode.

TABLE II
COMPARISON OF PREDICTED AND ACTUAL EIGENVALUE PERTURBATIONS

FOR THREE MODES OF THE BASE CASE 14-BUS TEST SYSTEM.

Perturbation λ = -1.011
+ 0.000 j

λ = -10.791
+ 3.382 j

λ = -6.969
+ 377.858 j

∆µ× 105 ∆λ× 105 ∆λ× 105 ∆λ× 105

∆P2 = 1 pu
Actual 4.905 + 0.000 j -0.582 - 0.699 j 0.000 + 0.002 j
Pred. 4.911 + 0.000 j -0.583 - 0.700 j 0.000 + 0.001 j

∆Q2 = 1 pu
Actual 11.844 + 0.000 j 1.312 + 0.847 j -0.007 + 0.005 j
Pred. 11.838 + 0.000 j 1.312 + 0.847 j -0.008 + 0.005 j

∆P8 = 1 pu
Actual 1.362 + 0.000 j 0.901 - 1.013 j 0.003 + 0.000 j
Pred. 1.359 + 0.000 j 0.900 - 1.013 j 0.003 - 0.001 j

∆Q8 = 1 pu
Actual 24.841 + 0.000 j -1.344 + 0.215 j -0.022 + 0.010 j
Pred. 24.830 + 0.000 j -1.344 + 0.215 j -0.022 + 0.012 j
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(a) QTSI (b) QFSI

Fig. 6: 14-bus generator reactive power injection sensitivities for case A.

(a) PTSI (b) PFSI

Fig. 7: 14-bus generator active power injection sensitivities for base case with
GFM IBR control at bus 8.

Lastly, we explore two remedial actions to mitigate the
subsynchronous oscillation introduced in Case A. Our first
action is informed by looking at the reactive power sensitivities
for Case A in Fig. 6. According to the QFSI values, an increase
in the reactive power injection at bus 8 will result in some
eigenvalue shifting to the left and increase the damping of its
associated mode. The QTSI value at bus 8 being low indicates
that this increase will not significantly shift any eigenvalues
towards the right. Following this, in Case A-2 we increase
the reactive power injection of the IBR at bus 8 and observe
a significant increase in the damping of the oscillatory mode
in Fig. 5. Next in Case A-3, we change the control mode of
the IBR at bus 8 from GFL to a grid-forming (GFM) droop
controller and plot the active power sensitivity injections for
the Base Case in Fig. 7. Fig. 7a shows that the system is no
longer sensitive to increases in active power injection at bus
8, which we validate by simulating Case A with GFM control
at bus 8 and seeing an improved response in Fig. 5.

V. CONCLUSION

This paper presents a method to compute power flow
sensitivities from perturbations in power injections and use
these sensitivities to determine the sensitivities of an AC power
system’s eigenvalues. We define grid strength metrics based
on these eigenvalue sensitivities to bus power injections, and
demonstrate the capabilities of these metrics with a 14-bus
test system. These metrics can be used to screen dispatches
and identify remedial actions for small-signal stability issues.
Future work includes investigating voltage magnitude sensitiv-
ities, applying this approach to look at the sensitivities of the
system to changes in power electronic loads, and considering

how frequency and voltage droop parameters impact resulting
power flow perturbations.

APPENDIX

A. Device Impedance Perturbation Proof

For a small change ∆Z(s) in Z(s) we have

Ŷ(s)−1 +∆Ŷ(s)−1

= ((I +Ynet(s)(Z(s) + ∆Z(s)))−1Ynet)
−1

= Y−1
net + Z(s) + ∆Z(s).

(12)

Using the inverse of (3) we can substitute in Ŷ(s)−1 to find
∆Ŷ(s)−1 = ∆Z(s).
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