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Abstract—The proposed approach yields a numerical method
that provably executes in linear time with respect to the number
of nodes and edges in a graph. The graph, constructed from the
power system model, requires only knowledge of the dependencies
between state-to-state and output-to-state variables within a state-
space framework. While graph-based observability analysis meth-
ods exist for power system static-state estimation, the approach
presented here is the first for dynamic-state estimation (DSE).
We examine decentralized and centralized DSE scenarios and
compare our findings with a well-established, albeit non-scalable,
observability analysis method in the literature. When compared
to the latter in a centralized DSE setting, our method reduced
computation time by 1440x.

Index Terms—Dynamic state estimation, graph theory, Kalman
filter, Lie derivative, nonlinear dynamical systems, observability.

I. INTRODUCTION

Observability refers to the ability to determine a system’s
state from measurements. While well-understood for power
system static state estimation [1[], observability analysis is an
active research area within dynamic state estimation (DSE)
[2], with several challenges still to be addressed.

A grand challenge stems from the computational complexity
of the numerical methods used for observability analysis in
dynamic state estimation. The mainstream approach relies on
Lie differentiation [3]. In what follows, for simplicity, we will
refer to the class of methods based on Lie derivatives as the
L approach. The L approach does not scale effectively [4], as
noted by power system researchers [3]]. Indeed, we confirmed
this limitation. Our implementation of the Western System
Coordinating Council (WSCC) test case (Example 7.1 in [6])
takes about 2 hours to run in MATLAB. Note that this test case
has only twenty-one state variables. Although implementation
details and computing power may differ, it is indisputable that
the £ approach is impractical for power system operators, as
their systems often have thousands of state variables.

The empirical observability Gramian (EOG) [7] might serve
as an alternative to the £ approach. Unlike the £ approach,
which relies on symbolic computation of Lie derivatives, the
EOG provides a way to evaluate observability numerically.
One constructs the EOG by (i) applying small perturbations
to the system’s initial states, (ii) simulating the corresponding
output trajectories over a finite horizon, and (iii) assembling
these sensitivities into a symmetric matrix. This symmetric
matrix corresponds to the Fisher information matrix, and its
determinant (the product of its eigenvalues) measures the
information the outputs carry about the initial state, and can
thus be used to assess observability [8|]. However, this reliance
on perturbing the system and collecting data—which makes
it empirical—introduces a key disadvantage. This approach
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requires recomputation and additional simulations across many
operating conditions, time windows, and outputs [7]]. Repeated
numerical simulations make the process computationally in-
tensive, limiting its scalability to large-scale power grids.
Hence, this approach does not solve the challenge of com-
putational complexity.

Since the EOG and £ approaches do not scale, an alternative
could be to perform an observability analysis on a linear
approximation of the original nonlinear system. However,
relying on a linear approximation might lead to incorrect
conclusions, as Rouhani and Abur [5|] show using a linearized
fourth-order synchronous machine model. They create an ideal
scenario where all state variables are assumed to be measured
and a second scenario where only a single reactive power
measurement is available. One would expect the ideal scenario
to yield stronger observability, since all state variables are
directly measured. Yet, because of linearization, observability
analysis favors the second (non-ideal) scenario [5].

This paper departs from the EOG and £ approaches, and
does not rely on linearization. We introduce a method for
analyzing observability that uses a directed graph (digraph)
constructed from the nonlinear differential equations [9]] that
model power systems. From now on, we refer to the proposed
method as the graph approach. We show that the graph ap-
proach produces results equivalent to those of the £ approach
but needs significantly less computational effort. Specifically,
for the WSCC test case with the same conditions used to
evaluate the L approach, it takes less than 5 seconds to
check for observability using the proposed method. At the
core of this method is Kosaraju-Sharir’s algorithm, which
finds all strongly-connected components (SCCs)—defined in
Section [IV| and central to the proposed method—in a digraph
and operates in linear time relative to the number of nodes
and edges [10]. Therefore, the proposed method can scale to
bulk power grids. While there are numerical and graph-based
(topological) observability analysis methods for power system
static state estimation [11f], this is the first time a graph-based
method has been proposed for observability analysis in power
system dynamic state estimation [2].

This paper proceeds as follows. Section [l briefly presents
the £ approach to observability analysis. Section [[II]introduces
the proposed graph approach. Section demonstrates the
graph approach for both decentralized and centralized dynamic
state estimation. Section [V] summarizes the key findings and
outlines future work.

II. THE £ APPROACH TO OBSERVABILITY ANALYSIS
Consider a nonlinear dynamical system,
(1) = fla(t),ult), y(t) = h(z()) (1)
evolving on a smooth manifold M C R", where the state

x € M, the input © € R™, and the output y € RP; f defines
the system dynamics, and h relates measured outputs with



state variables. The notion of indistinguishability [3]] provides
the basis for defining observability in dynamical systems.
Definition 1. Let x(0) =: x( denote a possible state of (TJ
at t = 0. Two states xg, (, € M are indistinguishable if for
every admissible input w(t), the resulting output trajectories
are identical over a finite time interval, i.e., h(x(t; g, u)) =
h(x(t; xy, w)) for all u(t), t € [to, t1].

The set of all such indistinguishable states from x is denoted
as Z(xo) = {xo, x(}.

Definition 2. A system (1) is observable at x if the only state
indistinguishable from xq is xg itself, that is, Z(xo) = {x0}.

While precise, Definition 2 is global in nature and requires
knowledge of the entire space of input—output trajectories over
the considered time interval. Such a condition is challenging
to verify numerically for nonlinear systems. So, Hermann and
Krener [3]] proceed by defining indistinguishability locally over
a small neighborhood V in an open neighborhood U of =, V C
U, from which another definition for observability emerges.
Definition 3. A system is locally weakly observable at x
if Ty (xo) = {x0}, and is locally weakly observable if it is so
at every « € M.

Simply put, based on Definition 3, a system is observable
if no other state produces the same input—output trajectory
within a small neighborhood of x. Definition 3 is amenable to
a numerical test to check for observability—the £ approach,
which we introduce next. We refer the interested reader to [3]
for a more formal treatment and further details on observability
definitions. Now, consider a map

G:z[y y» y®@ y@] T )
where y(¥) denotes the kth-order derivative of y, k € N. If G
is invertible for some d < (n—1), then one can reconstruct the
state from measurements; hence, the system is observable. If
we consider Definition 3, then the Implicit Function Theorem
provides a sufficient condition for local invertibility. The map
G is locally invertible at g if the Jacobian
_9%9
C Ox

referred to as the observability matrix has full rank, i.e., if

a9 -
rank (8:1: m_m0> =n. 4

If @) holds, (I is locally weakly observable. Rouhani and
Abur [3] apply condition (@). In what follows, for simplicity, a
system satisfying condition (@) is said observable, although the
L approach derives from Definition 3. Now, the Lie derivatives
of y along the vector field f

__ Oh(z) . Oh(x) Oh(z) .
Lry = 0x1 o1t 0xo oz, En )

measure how outputs {y1, ..., Y, } in y change along the vector

field f. Higher-order Lie derivatives are given by

Lhy — LY h(w)
f ox

and the zeroth order L(}y = h(x). With these definitions, the
map (2) becomes

g= (L

o . _ og
and the observability matrix O = 5=

O: 3)

=T

g+t

f. 1<k<n, (6)

n— n— T
Ef 1y1 E(}'yQ Ef 1yp] N
r=xq"

Example 1. Let a nonlinear dynamical system be

. . . . 2 .
1 =sin(xg) — 21 + x4, T2 = x3, T3 =27, La =24 (8)
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and consider three measurement models: (i) y = h(x) = x2
(i) ¥ = h(x) = x2 + sin(z;) and (i) ¥y’ = h(x) = x4. For
case (i), E(}y = x5, and

LYy Ox ox ox o
£1 = 7f = 72 72' 72' 72
7Y o axlxl + 81-2962 + 8x3x3 + amm
=0-214+1-294+0-23+0-24 =22 =23
L%y ox ox ox or
LQ = 7'1“ = 73' 73' 73' 73'
FY G axlm + 8$2x2 + ax3x3+ 3334334
:O'jjl+0-i‘2+1~i‘3+0-j§4:$’3:1‘§
L%y . O da? ox? oz?
iy = SofYe Ori. o Ori. o Ori. o 01
e e A L T R

=2x1%1 = 2x1(sinx2 — T + 334)

Note that applying higher-order Lie derivatives is “like peeling
off layers to reveal hidden dependencies between outputs and
state variables, including those not explicit in the original
output function.” The observability matrix for case (i) is

0 1 0 0
0 0 1 0
O.(z) = 27, 0 0 0

0 23?1

Under generic conditions such as z; # 0, the rows of Oy (x)
are linearly independent, and the matrix attains full rank. The
system is, therefore, observable. The observability matrix for
case (ii) is

2sinxg — 4xq1 + 2x4 211 COS T2

CcoS T 1 0 0
_ [ *2a(®) Hk2a(x) *2s(x) H*2a(T)
02(1}) - *371(.’1}) *372(.’13) *32(%) *3’4(58)
*471(91:) *472(33) *374($) *4,4(58)

Case (ii) yields long symbolic expressions. For instance,
*3.9(x) = — cos(xz)(cos(x1) + sin(z1) (x4 — x1 + sin(xz))
—x3 cos(x1) sin(xzg) — cos(ze) sin(x)(zq — 1 + sin(z2))

For simplicity, we denote those expressions by o col(Z) in
O,. It can be verified that O is generically of full rank, hence
the system is observable. For case (iii), L‘}y’ = x4, and

Elfy':5x4 0 00 1

L3y =25z _ 000 5

p== Os@) =g g o 2

Lyy = 12524 00 0 125
Clearly, Os is rank deficient, and the system is not observable.

O
In general, dim(O) = np x n. However, the rank condition
(@) may be satisfied before computing all Lie derivatives up to
order n — 1. In such cases, the hidden dependencies between
outputs and state variables are unveiled at k£ < n. Therefore,
the dimension of O is more accurately given by (k+ 1)p x n,
where (k + 1) < n [7]. Even when the rank condition is
satisfied at a lower order k£ < n, the intermediate symbolic
expressions associated with the Lie derivatives rapidly expand
in size. This is true even for the simple system (8), as evi-
denced from the structure of O5. This makes the £ approach
computationally demanding, and applying it to multi-machine
power systems is infeasible. Rouhani and Abur [5]] apply the £
approach to a fourth-order synchronous generator model with
an IEEE type-1 exciter, a system with seven state variables.
Section of this paper demonstrates the proposed graph
approach using the same decentralized model in [5]. It further
presents results for centralized dynamic state estimation.



SCC ‘ ‘ root SCC
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Fig. 1. Digraph of (B).

III. THE GRAPH APPROACH TO OBSERVABILITY ANALYSIS

Let a digraph built from (I)) be given by D = (V, £), where
V is a set of nodes, and £ is a binary relation on V. The
elements of £ are called edges. Each node corresponds to a
state variable x; € V), and a directed edge x; — x; exists
whenever the differential equation #; explicitly depends on
xj, i.e., 01;/0x; # 0. As defined, D may include self-loops,
ie., x; — x; edges. The set of all such dependencies can
be compactly represented in an adjacency matrix with entries
a;; =1 if (x; —>x;) € £ and 0 otherwise.

Definition 4. A path x;—z; is a sequence (g¢, €1, . . . ,€k) with
g0 =x; and e = x;, and (g—1,8¢) € EVL € {L}5_,.
Definition 5. A node z; is reachable from z; if there is a path
from z; to ;.

Definition 6. A digraph D is strongly connected if every two
nodes are reachable from each other.

Definition 7. A subgraph Dgw = (Vsub, Esup) of D satisfies
Vab C V and &y, C &, with Ep containing ordered pairs.
Definition 8. Strongly connected components (SCCs) are the
largest subgraphs, ordered by number of nodes, such that each
component is a strongly connected graph.

Definition 9. A root strongly connected component (root SCC)
is an SCC with no incoming edges.

Example 2. The digraph of (§) (Fig. [I) has six directed edges:
T1— Ty, T1— To, T1—> Tg, Toa —> X3, T3 —> X1, and x4 —> x4.
Nodes x1, x2, and x3 form an SCC, since one can reach every
node from every other node. Furthermore, since there are no
incoming edges to this SCC, it is also a root SCC. O

Root SCCs act as information sources within D because all
nodes in D can be traced back to at least one node within a
root SCC; however, the reverse is not true.

Proposition 1. A dynamical system (I)) is termed structurally
observable if, for a digraph D built from @, at least one node
from every root SCC is measured [9].

Proposition 1 can be interpreted as the structural counterpart
of the algebraic rank condition used in the L approach,
where the Lie-derivative expansion of the outputs captures
the same dependencies in an analytical form. Proposition 1
offers a necessary and almost everywhere sufficient condition
for observability [12]. Note that if the outputs y in depend
on at least one state variable present in every root SCC of D,
the system is observable.

Let X; C {x1,...,2,} denote the subset of state variables
in root SCCs of D, and X4 = {z1,...,x,} — X; the set with
possibly remaining state variables. Consider an output of the
form y = g(X;). A first-order Taylor series expansion of g(X;)
at x = x is given by,

9(X:) = g(wo) = "o )
where ¢ denotes a vector of constants. Thus, y provides direct
access to the state variables in X,.. Note that this is consistent
with the £ approach being defined locally, cf. Definition 3.
Measuring any function of root—SCC variables injects in-
formation from all independent sources; this information is
carried through the directed edges and reaches any remaining
state variables in Xjy. As the graph approach is based on
dependencies in the system equations, it naturally extends
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Algorithm 1: Extraction of SCCs and Root SCCs from
Adjacency Matrix

Require: Adjacency matrix A = [a;;] € {0,1}"*"
Ensure : SCCs, C = {C1,...,Cy,}, and root SCCs, R

1 Step 1: Compute finishing order of nodes;

2 visit < [0,...,0]1xn, stack < empty;

3 for i< 1 ton do

4 | if visit[i] = 0 then

5 | [visit, stack] < FillOrder(i, A, visit, stack);
6 end

7 end

8 Procedure FillOrder(u, A, visit, stack):

9 visit[u] + 1;

10 for v < 1 to n do

-
-

if Ay, =1 and visitjv] = 0 then
\ [visit, stack] < FillOrder(v, A, visit, stack);
end

—
w N

end
append u to stack;
Step 2: Identify SCCs on transposed graph;
AT = transpose(A); visit < [0,...,0]1xn; C < empty;
while stack not empty do
u < stack[end]; stack[end] = [];

e e
AY-T- R B WY B

20 if visitfu] = 0 then

21 comp < empty;

22 [visit, comp] «+ dfs(u, AT, visit, comp);
23 append sorted(comp) to C;

24 end

25 end

26 Procedure dfs(u, AT, visit, comp):

27 visit[u] < 1; append u to comp;

28 for v + 1 to n do

2 | if A}, =1 and visit[v] = 0 then

30 ‘ [visit, comp] « dfs(v, AT, visit, comp);
31 end

32 end

33 Step 3: Identify Root SCCs;

34 m < length(C); root_flags « [1,1,...,1]1xm;
35 for i < 1 to m do

36 for j < 1 to m do

37 if i # j then

38 for each u € C; do

39 for each v € C; do

40 if A,, =1 then

@ | root_flags[i] « 0;

42 end

43 end

44 end

45 end

46 end

47 end

48 R «+ {C; whose root_flags[i] = 1};

49 Output: List of SCCs and list of root SCCs.

to DAE formulations, where algebraic equations also induce
dependencies. Thus, for DAE formulations, more nodes are
introduced in the digraph, and correspondingly, more rows
and columns are added to the adjacency matrix. Algorithm 1
extracts SCCs and root SCCs from an adjacency matrix built
from (). The procedure relies on Kosaraju-Sharir’s algorithm,



TABLE 1
DEFINITION OF CONSTANTS IN
c1i = 1/T}, cei = ws/(2H;)  c115 = 1/Tk;
c2i = Xoi — Xy oni = Xg, — Xy c12i = Kri/Tri
csi = 1/Ty, cgi = D; c13i = 1/Tq
cai = Xqi — Xg;  coi = 1/Tki c1ai = Ka;
C5i = Ws croi = Kg; c15; = KaiKri /Tri

whose computational complexity O(|V| + |€|) scales linearly
with the number of vertices and edges in a digraph [[10].

We are now able to present results on realistic models of
power systems.

IV. NUMERICAL RESULTS

We consider the Example 7.1 in [|6], a three-machine (m = 3)
nine-bus (b=9) system where each machine model,

El; = c1i (—El; — c2ili + Fra:) i=1,...,m (10)
By = csi (—El; + caily)

d; = w; — c5i

Wi = coi (Twi — Bgilai — Egilgi — crilailys — csi(wi — csi)

Erg; = co; (= (c10i + SEi(Erai)) Erai + Vri)
R = ci1i (—Rpi + c12iEas)
Vri = c13i (= Vi + c14i Bei — c15iErai + c14i(Veeri — Vi)

connects to the network via algebraic constraints, as follows.
For each machine bus ¢ =1, ..., m, there are two stator voltage
balance equations,

By — Visin(d; — 0;) — Rl + Xl =0 (11)
El; — Vicos(6; — 0;) — Ryilgi — Xyl =0 (12)

Viel% =V cos; + jV;sin0; = Vi, + jVaqi, and two network
equations (presented below in polar form as a single equation)

Z %ankej(&i—%—aik)
k=1

0= Vieﬁi (I _qui)e—j(5i—W/2) _

+ P + jQus.

For each load bus i=m+1, ...,

13)

b, two network equations

=D ViViYad @0 B jQu. (14)
k=1
This model (TO)—(T4) is well-known; see [6] for further details.

Note that the graph approach is parameter-agnostic.

Case 1: Decentralized dynamic state estimation

Following [13]], we treat voltages as inputs and currents as
outputs to separate the dynamics of each generator from the
rest of the network without ignoring their interaction. Thus,

x=[E, Ey 6 wi Fai Ra Vki]',
w=[Tw; Viet: Vi Vai]', and y =
where

(15)
[Ipi Ioi]',
Ing + jlos = (Iai + jlg) €~ F) (16)
This particular choice of {Vp;, Vi, Ipi, Igi } is consistent with
the availability of synchrophasor measurements at the terminal
of each machine. Now, following [|6], we define

A Rsi _thlz
quz - |:XCI11 Rsi .

Using to algebraically manipulate (TT)-(T2) yields
979-8-3315-8138-1

A7)

Fig. 2. Digraph for Case 1: Decentralized dynamic state estimation.

— Visin(6; — 01)] 1

[ﬂ [Zaqi] ™! [E _V} cos(8; — 0)] °

q?

18

From and (I8), it is evident that Ip; and Iq; are functi(ong

of the state variables {Fy;, E;,0}. Next, because the graph

approach requires only knowledge of the dependencies in a
state-space model, we will use the simplified notation

Ini = hy ({X}, {U}) = ha ({ By, By, 63}, {Vois Vai})
Igi = ha ({Ey, By, 6}, {Voi, Vai}) (19)
where X (respectively, {f) denotes a subset of the variables in
@ (respectively, u), cf. (I). Substituting Ip; and Ig; in (10),
./‘ =5 ({E /i7 El, 6is Erai}, {Vbir Vai})
Ehz—-fé( ois Eair 0, {Voi, Vai})
({wz} {H
= /1 ( ql’ Edz’ diy Wik, {TMZ})
Eﬁl—»5({Eﬁ“l§J {H
Rm = fo ({Erai, Bri}, {})
(

= fr ({Etai» Reis VRi}s {Veeri}) - (20)
From (20), the adjacency matrix
1 1 1 1
1 1 1
1
A= 1 1 11 @
1 1
1 1 1

where each row is associated with a differential equation z;,
in the order they appear in (20), and each column with a
state variable x;. An entry a;; in (2I)) is assigned the value
‘1> if the differential equation includes z; (i.e., 9% # 0),
and zero otherwise; zeros are omitted in (21)) for clarlty We
apply a modified Kosaraju-Sharir’s Algorithm [I] [10] to the
adjacency matrix to identify strongly connected components
(SCCs) and systematically determine the root SCCs. Fig. [2]
depicts a digraph constructed from (ZI)). The exciter variables
Ry;, Vri, and Ejy; form an SCC, but not a root SCC, since
there is an incoming edge. Conversely, qu, Edz, w; and &;
form a root SCC. A measurement depending on at least one
variable in the root SCC makes the system observable, cf. (9).
Clearly, Ip; and Ig; depend on three variables within the root
SCC, satisfying the condition for observability.

We verify this result using the £ approach. We construct an
observability matrix by computing successive Lie derivatives
of the output y = [Ip; Ig;]'. The £ approach yields a full-
rank observability matrix of dimension 7, confirming that the
system is observable in the sense of Definition 3. Table
compares the average computation time required to check
observability using the £ and graph approaches.




Case 2: Centralized DSE
We perform a Kron reduction [14] of (TO)-(T3) to ehmmate

its algebraic constraints. This yields x = [:c]— Ty :c;f] u =
[w w] uwl]' andy= [y uJ yl]', where
w; = [Ey Ey 6 wi Eui Ru Vel
= [Twii Vieti]", and y; = [ Vi VQi]T
The updated model is written in the simplified form:
E(’]'L = f{z <{E/j> E{ij’ 5j7 Efdi}?*lﬂ {}) (22)
E(Iii = f21 ( qj? Ed;a d; }_7 1 {})
8 = f3; ({wz} {H
wi = fu; ({ Qi Edj7 dj, wz}g i) {TMz})
Erai = f5 ({Brais Vri}s {3)
Rri = fg ({Buis Rii}, {})
Vki = f4; ({Brai, Reiy Vrib {Veeti }) i={1,2,3}.

A digraph is less amenable to visualization in this case due
to the strong coupling among state variables. Therefore, we
only show the adjacency matrix, see Table Algorithm
identifies three SCCS {VRI, Rfl, Efdl} {VRQ,RQ, EfdQ}, and
{VRg,ng,Efdg} and one root SCC, {F, 1,Eél,51,w1,Ec’|2,
Ed2, 0o, Wa, qu, Ed3, 3, w3 }. Measuring at least one variable
in each root SCC yields observable system. For instance,
measuring

Vi = g3 (Eg;, Ejy, 6i) and Vi = g4 (Eg,

Eglqﬁ 62) 3

i = {1,2,3}, yields observability. The £ approach returns
a full rank(O) = 21 (3 generators, 7 state variables per
generator) for the same measurement setup and, on average,
requires 2 hours to compute. The average computation time of
the graph approach is less than 5 seconds, an average 1440 X
speedup even in such a small test system. See Table [[I]

To further demonstrate the scalability of the graph method,
we analyze the IEEE 39-bus, 10-machine system using a cen-
tralized DSE formulation, which involves 70 state variables.
Thanks to the graph approach’s linear-time complexity, 10
non-root SCCs and 1 root SCC are identified in roughly 30
seconds on average. In this case, the £ approach fails to
compute within polynomial time.

V. CONCLUSIONS AND FUTURE WORK

Current methods for observability analysis do not scale,
especially in centralized dynamic state estimation. Even in the
small test system we examined, with only three generators and
twenty-one state variables, our graph-based approach yields
a substantial reduction in computation time. The proposed
method will facilitate new advances in power system dynamic
state estimation, including new optimization formulations for
synchrophasor measurement placement. Future research will
build on the proposed graph methodology to develop a metric
for quantifying observability strength, thereby enabling eval-
vation of sensitivity to parameter changes and measurement
noise. This metric will help address exceptional cases where
structural observability exists but local observability is lost due
to parameter values or operating points. Additionally, the study
will investigate structure-preserving models of power system
networks that incorporate inverter-based resources.
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TABLE 11
AVERAGE EXECUTION TIMES FOR CASES 1 AND 2.
Case ——Approach c Graph
1: Decentralized DSE 5 minutes 1 second
2: Centralized DSE, 9-Bus system 2 hours 5 seconds
2: Centralized DSE, 39-Bus system — 30 seconds

TABLE III
ADJACENCY MATRIX FOR THE CENTRALIZED DSE CASE
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