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Abstract—State estimation (SE) is a fundamental task in power
systems, enabling accurate monitoring of system states to support
security-constrained dispatch and control. This paper presents a
distributed linear state estimation (D-LSE) approach based on
the alternating direction method of multipliers (ADMM). D-LSE
is particularly important for ensuring the stability, reliability, and
efficiency of large-scale infrastructures such as power grids and
communication networks, where traditional centralized SE meth-
ods encounter challenges related to scalability, communication
bottlenecks, and computational complexity. To overcome these
limitations, the proposed framework partitions the system into
smaller submodels, with each computational unit estimating local
states independently while exchanging only boundary primal
(state) and dual (multiplier) variables along with limited sys-
tem information. The iterative ADMM process refines accuracy
and improves coordination across regions, leading to enhanced
scalability, reduced communication overhead, and improved
fault tolerance. In addition, the framework addresses practical
challenges including limited measurement redundancy, dynamic
network topologies, and communication delays. The effectiveness
of the proposed algorithm is validated on the IEEE 14-bus system,
demonstrating its potential to enable resilient, adaptive, and
scalable operation of interconnected power systems.

Index Terms—Distributed linear state estimation (D-LSE),
alternating direction method of multipliers (ADMM), decomposi-
tion of large-scale interconnected systems, weighted least squares
(WLS), mean absolute error (MAE).

I. INTRODUCTION

State estimation (SE) plays a pivotal role in modern power
system operation by providing reliable information about
the underlying system states, which is essential for moni-
toring, control, and decision-making tasks such as security-
constrained dispatch, fault detection, and stability assessment
[1]. Conventional SE techniques typically rely on centralized
formulations, where measurements collected across the en-
tire network are processed at a single control center. While
effective for small- to medium-scale systems, centralized ap-
proaches face significant challenges as power networks expand
in size and complexity. Increasing penetration of renewable
energy resources, the proliferation of distributed energy re-
sources (DERSs), and the growing interconnection of regional
grids further exacerbate issues of scalability, communication
bottlenecks, and computational burden [2]-[5].

To overcome these challenges, distributed state estimation
(DSE) has emerged as a promising paradigm, enabling sys-
tem operators to partition large-scale networks into smaller,
more manageable regions [6]-[9]. Each region performs local
state estimation using its own measurements and exchanges
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limited boundary information with neighboring regions. This
distributed structure not only alleviates the computational and
communication load on a central operator but also improves
scalability, robustness, and fault tolerance, which are vital
for modern power systems with dynamic and heterogeneous
topologies [10], [11]. Additionally, DSE offers enhanced
resilience to single-point failures, better compatibility with
privacy-preserving requirements between different operating
entities, and the flexibility to integrate emerging measurement
infrastructures such as phasor measurement units (PMUs) and
smart meters.

Among the various solution methodologies for DSE, the
alternating direction method of multipliers (ADMM) has at-
tracted considerable attention due to its ability to decompose
large optimization problems into parallelizable subproblems
while ensuring convergence to globally consistent solutions
[12]-[14]. ADMM is particularly well-suited for distributed
linear state estimation (D-LSE), as it allows local estimation
tasks to be carried out independently, followed by iterative
coordination with neighboring regions to enforce consensus
on shared variables. This iterative exchange strikes a bal-
ance between computational efficiency and communication
requirements, making it attractive for real-time applications
[15]-[18]. Moreover, ADMM'’s flexibility allows incorporation
of practical constraints such as communication delays, asyn-
chronous updates, and heterogeneous measurement qualities,
further extending its applicability to real-world grid operations.

This paper develops and evaluates an ADMM-based D-LSE
framework designed for large-scale interconnected power sys-
tems. The proposed method enhances scalability by dividing
the network into regional submodels, achieves lower commu-
nication overhead by restricting data exchange to boundary
state and dual variables and a small amount of essential sys-
tem information, and improves robustness through distributed
processing. Furthermore, the framework considers practical
challenges such as limited measurement redundancy, system
partitioning, and communication delays. Its effectiveness is
validated on the IEEE 14-bus system, highlighting high ac-
curacy, convergence properties, and promising potential for
extension to larger and more complex networks.

The remainder of this paper is organized as follows. Sec-
tion II introduces the proposed ADMM-based distributed
framework and details its algorithmic formulation. Section III
presents numerical results and performance evaluation on the
IEEE 14-bus system. Finally, Section IV concludes the paper.



II. DISTRIBUTED LINEAR STATE ESTIMATION:
MATHEMATICAL FORMULATION

Distributed linear state estimation approximates the rela-
tionship between system measurements and state variables as
linear, enabling faster and more scalable computation than
nonlinear methods. By decomposing the system into sub-
models with localized computations, D-LSE reduces commu-
nication overhead and allows parallel processing, making it
particularly suitable for real-time monitoring, fault detection,
phasor measurement unit integration, and adaptive control
in large-scale power systems. While its accuracy is limited
by linearity assumptions and measurement quality, D-LSE
provides a practical, efficient framework for modern smart grid
management, supporting timely decision-making and main-
taining system stability and reliability.

The DC state estimation problem is commonly formulated
as an overdetermined system of linear equations, and solved as
weighted least-squares (WLS) problem. In the field of large-
scale systems, the state estimation is based on a decomposition
technique [10]. For small-scale systems, the model z = Hx+e
is applied where z € R™™ is the vector of measurements,
x € R™ is the vector of states, e € R"™ is the vector of
random errors, and H € R""*"» jig the Jacobian matrix. As
we know, the optimal solution to this (centralized) problem is
given by

x* = (H'R'H) ' H'R 'z, (1)

where R € R *"m ig the covariance matrix of measurement
errors, i.e., R = E(ee”).

For large-scale systems (with large n,, and n,), the model
becomes computationally intensive. In an /N-bus system with
a measurement redundancy ratio p (typically p > 1, around
2), the total number of parameters is n, = 2N — 1, consisting
of N bus voltage magnitudes and N — 1 phase angles, with
the reference bus angle fixed to an arbitrary value, such as
0. Consequently, HTR-'H ¢ REGN-DX@CN-1) The total
number of measurements is given by n,, = pn, = u(2N —1).
Decomposing z = Hx + e into L submodels yields

Z1 Hyy Hp Hiz| [x1 e
Zo Hyy Hy -+ Hop| |x e
= . . . . N I S B I )
Zr, Hp, Hpo Hyr| [xz er
——
zERnm HcR?rm Xnp xER"P ecRnm
where
L
Z; = E Hin]'+e¢, (3)
=1

. . X L
mix, i H.s mi Xnp -
and zi,Lei € R, x; € R, Hy; € RvmiXMei | 3707 my =
Np, ijl Npmj = Ny for all 4 = 1,--- L. The parameter
vector x € R™ in decomposed form is x*' = [xT xI" ... xT].
The least squares estimation is obtained by minimizing

L
J =3 elR; e, 4)
=1
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with respect to x; where R; € R™m:*"mi ig the covariance
matrix of submodel ¢+ measurement errors, i.e., R; = ]E(eielT).
Furthermore, try to find x; in such a way that the interaction
between the L submodels is minimized. Thus, an interaction
variable w; € R"mi

L
W, = ZHZ‘ij7 (5)
J#i

is defined, providing the influence from all subsystems j # @
to the subsystem :. Thus, we can rewrite equation (3) as

Z;, = HMXZ‘ +w; +e;. (6)

Following equation (4)
L
J = Z(Zi —Hix; —wi) 'R (2 — Hixi — wy),  (7)
=1

has to be minimized with respect to x; and w; within the
constraint of equation (5), i.e.,

{)A(i, VAVZ} =
L
arg min Z (z; — Hyx; — W,;)T Ri_1 (z; — Hyx; — wy)
Xi Wi i—1
L
subject to w; = Z Hinj. ()

J#i

ADMM is a distributed optimization method that combines
dual decomposition and augmented Lagrangian principles to
efficiently solve large-scale problems by decomposing them
into smaller subproblems [12]. ADMM is especially useful in
scenarios where the problem can be divided among multiple
processors or agents, each solving part of the overall problem.

In ADMM, the augmented Lagrangian is formed using
a penalty parameter p > 0, which weights the constraint
violation in the optimization, and a Lagrange multiplier (dual
variable) A; € R™mi which ensures that the constraints are
satisfied.

L,(Xi, Wi, Ni) = )
L
Z ((Zi —Hyx; —w;)" R (z; — Hyx; — w;)

=1
L p L 2
+ A;T (Wz — ZH”X]) + §HW1 — ZHinjH )
J#i J#i

Alternating direction method of multipliers consists of the
iterations
xgk“) :=arg min £, (xi,wgk), )\Ek)) ,
w1 = arg min £, (XEkH),Wi, )\Z(k)> :
’ L
k+1 k k+1 k41
AT = )+p<w§ RN & )>. (10)
J#i



Differentiating £,(-) with respect to x; and w; for all ¢ =
, L yields

L —1
£ = <2HTR YH,; + pZH{iHM) x
ki
L
( 2~ W)+ 3 HE (AP 4 pwi?)

J#i

2HTR—

L
5 MHMA(’”) (11)

kil

. (k+1) (2R o, L-)_l <2Ri1 (Zi B H”Agkﬂ))

L
A0y Hm*g‘k+l)> , (12)
i
L
)\gk-i-l) :)\Z(k) +p (wgkﬂ) _ Z Hij&y@ﬂ)) ’ (13)
i

respectively, where I, € R™m*"mi is an identity matrix.

A suitable initial point for &50), vAVEO), and )\EO) is a flat start,
where all bus magnitudes are set to one, and all bus angles are
set to zero. Let N; represent the number of buses in submodel

1. Therefore, n,; = 2N; — 1. Using this flat start approach,

we initialize all x; = [0y 03 --- On, V4 Vo --- Vy,|T for
i=1,---,L as
~(0) _ |0On,—1
X7,' = |: 1N1 :| ’
L
J#i
A — ( ZH1JA§O)> 0, (14)
J#

where Oy, _1 and 1y, are vectors consisting entirely of zeros
and ones of size N; — 1 and NN; respectively.

The following algorithm outlines the iterative process for
obtaining the solution to distributed linear state estimation,
i.e., x; for all i = 1,---, L. The state and dual variables are
first initialized using (14), after which the algorithm proceeds
by iteratively updating the state and dual variables according
to (11)-(13) until the stopping criteria are satisfied.

Algorithm 1 Distributed linear state estimation (D-LSE)

initialize
Set £k = 0 and initialize x(o), WEO), and )\EO) as (14)
repeat
Update x; as (11): x-minimization
Update w; as (12): w-minimization
Update )\ikﬂ) as (13): Dual update
until

(k+1)
(lc+1)

gk g

K3 K3
=]

The stopping criteria <e < 1is met
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ADMM is globally convergent for convex problems and can
achieve linear convergence rates in strongly convex settings,
while for nonconvex problems it may converge to a stationary
point under certain conditions, though guarantees are weaker
[12]. Its practical performance depends on the penalty param-
eter p and the problem decomposition. ADMM'’s simplicity,
scalability, and flexibility have made it popular in applications
such as machine learning, image processing, and distributed
optimization. In D-LSE for large-scale power systems, ADMM
enables each region to solve a smaller localized problem,
supports parallel computation for faster state estimation, and
minimizes communication by sharing only boundary state and
multiplier variables with minimal system information. The
distributed structure improves robustness, allowing regions to
operate independently during failures, and its iterative nature
provides frequent updates for real-time monitoring. Challenges
include convergence speed sensitivity to p, communication
delays, careful parameter tuning, and the reliance on accurate
boundary measurements for overall estimation quality.

IIT. NUMERICAL RESULTS
A. Simulation Setup

The simulation set-up for numerically validating the D-LSE
algorithm follows a two-step process [19]. First, a detailed
single-phase circuit model incorporating the shunt admittances
of the cables is used in MATLAB to perform load flow studies.
Second, historical smart meter data spanning one year with
a 5-minute time step, was used as input for the load flow
analysis. We utilized historical load data from the New York
ISO (https://www.nyiso.com/) and applied a long short-term
memory (LSTM) network for load forecasting, which was then
input into the state estimation algorithm. To simulate real-
world conditions, Gaussian noise components corresponding
to a 10% error were added to the forecasted values. Using the
fact that in a Gaussian distribution £30 deviation about the
mean covers more than 99.7% area of the Gaussian curve, the
standard deviation of forecasted measurement was computed

as
zt, X YJoerror  z,

O, = —————— =

: 3 % 100 30°

where z;, is the forecasted value of the pseudo-measurement
z;. In practice, the standard deviation of real measurements
is derived from sensor characteristics, and is typically small,
whereas pseudo-measurements correspond to higher-variance
load estimates.

15)

B. Simulation Results

This section demonstrates the effectiveness of the proposed
D-LSE method on the IEEE 14-bus test system, which is
partitioned into two submodels. Submodel 1 estimates 13
phase angles, i.e., x; € R'3, while submodel 2 estimates 14
voltage magnitudes, i.e., xo € R'*. A Monte Carlo study
with 300 runs is conducted, where in each run a subset
of 82 measurements is randomly selected. These include a
total of 51 measurements, with z; € R26 and z, € R?,
consisting of one actual voltage magnitude measurement (|V;,|)



and 50 pseudo-measurements (P, Qn, Pmnn, and Q). As
an illustration, Simulation 2 out of 300 uses the following
selected measurements

e P,: 10 out of 14 real power injection at bus 1, 2, 3, 4,
5, 6,8, 10, 11, 12;

e @y: 10 out of 14 reactive power injection at bus 1, 2, 3,
4,5,6,7, 8, 10, 13;

o Pt 15 out of 20 real power flow from bus 1, 6, 6, 9,
10, 4,4, 13,9,6,7, 1, 2, 12, 2 to bus 2, 12, 11, 14, 11,
7,9, 14, 10, 13, 9, 5, 5, 13, 3 respectively

e Qumn: 15 out of 20 reactive power flow from bus 1, 2, 9,
6,1,2,4,3,7,4,5,13,6,7,4tobus 2,4, 14, 11, 5, 5,
5,4,9,7, 6, 14, 12, 8, 9 respectively; and

e |V,]: 1 out of 14 voltage magnitude at bus 7.

This selection results in a redundancy ratio of approximately
51/27 ~ 1.89. Measurement variances were set as 02 = 9 x
1074, JZ = O'g =104, and Ugf = Ugf =64 x 1076,

A 10% error is introduced by adding an independent,
standard normally distributed random variable to the output
of the power flow, treating all p;, ¢;, py,, and gy, as pseudo-
measurements. In a worst-case scenario, only one real mea-
surement v; is used, resulting in a pseudo-measurement usage
of (10+10+15+15)/(1+104+10+15+15) = 50/51 ~ 98%.
Additionally, the variance of all pseudo-measurements is in-
creased by a factor of 30, as discussed in (15). The following
performance metrics are then evaluated:

« Voltage mean absolute error: E(|v* — V) p.u.
o Angle mean absolute error: E(|0* — 6]) degree

where x*7 = [B*T v*T] denote the results of the centralized

LSE in (1), and X7 = [9T V1] represent the outcomes of the
proposed D-LSE described in Algorithm 1. The numerically
computed Jacobian matrix H € R51%27 is partitioned as
H11 H12 26 x 13 26 x 14

H = |:H21 H22:| o |:25 x 13 25 x 14| (16)
The results of the proposed distributed linear state estimator
are compared against the centralized linear state estimator
given in (1). Figure 1 summarizes the Monte Carlo simulation
outcomes, demonstrating that the mean absolute errors for
both phase angles and voltage magnitudes remain consistently
low across all scenarios. Each marker represents the result
of an individual simulation run, while the red line denotes
the average performance over the 300 trials, highlighting the
overall robustness of the proposed approach. On average, the
mean absolute error is 0.1631° for phase angles and 0.0057
p-u. for voltage magnitudes over all trials. For a representative
case (Simulation 2, using the measurement set described
earlier), Figure 2 compares the estimated phase angles and
voltage magnitudes at all buses obtained from the proposed
distributed method (black markers) and the centralized solution
(red markers). The close agreement between the two confirms
that the distributed estimator converges to the optimal cen-
tralized solution. Figure 3 illustrates the convergence behavior
of the algorithm based on the stopping criterion defined in
Algorithm 1, for a tolerance of ¢ = 0.005. This criterion
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Fig. 1: Mean absolute errors for phase angles and voltage
magnitudes between the proposed D-LSE and centralized LSE
in the IEEE 14-bus system.
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Fig. 2: A comparison of phase angle and voltage magnitude
estimations between the proposed D-LSE and the centralized
LSE for Simulation 2.

measures the change in the state variables between successive
iterations. The convergence trends for both submodels indicate
that the stopping conditions are satisfied within 300 iterations.
Complementarily, Figure 4 depicts the evolution of the dual
variables A1 € R?0 and Ay € R?® over the same iteration
horizon with p = 25. After approximately 250 iterations,
the updates of the dual variables become negligible, which
is consistent with the stabilization observed in Figure 3.

All algorithmic parameters, including ¢ = 0.005 and p =
25, are kept fixed across all simulation runs to ensure a fair
and consistent evaluation.



6 T T T
Stopping Criteria for Submodel 1
Stopping Criteria for Submodel 2
4 4
2 4
0 . . . .
0 50 100 150 200 250 300
0.2 T T T
Stopping Criteria for Submodel 1
0.15% Stopping Criteria for Submodel 2| |
0.1 1
0.05 1
0 | =
50 100 150 200 250 300

Number of Iterations

Fig. 3: Stopping criteria for submodels 1 and 2 using the
proposed D-LSE method in Simulation 2.
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Fig. 4: Convergence behavior of the dual variables in the D-
LSE estimation of phase angles and voltage magnitudes in
Simulation 2.

IV. CONCLUSION

This paper presents a distributed linear state estimation
framework for large-scale interconnected power systems, uti-
lizing the alternating direction method of multipliers. The pro-
posed approach partitions the network into smaller submodels,
enabling localized state estimation through the exchange of
only boundary primal (state) and dual (multiplier) variables
along with limited system information. This design effectively
addresses the scalability and communication bottlenecks of
centralized methods. The iterative coordination facilitated by
ADMM improves estimation accuracy, robustness, and fault
tolerance. Validation on the IEEE 14-bus system demonstrates
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the effectiveness of the method and its capability to manage
practical challenges such as measurement redundancy, com-
munication delays, and evolving system topologies. Overall,
the results highlight the potential of ADMM-based D-LSE as
a resilient, adaptive, and scalable solution for next-generation
power system monitoring and control.
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